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2 J. GONZALEZ, A. GUZMAN-SAENZ, AND M. XICOTENCATL 

1. Introduction and motivation 

We give an explicit presentation for the cohomology ring of conhguration spaces of ordered points 
in real projective spaces. Before presenting onr work, we review the theory where onr results insert. 


Since the work of Arnol’d, Faded, and Fadell-Neuwirth ([2l [161IIZ]) fhe 1960’s, a good under¬ 
standing of the algebraic topology of ordered conhguration spaces 

Conf (X, k) = {(xi, • • • , Xk) G I Xi ^ Xj for i ^ j} 

and their unordered analogue^ B{X, k) = Conf (X, has been a central need for many areas 

in mathematics, as well as in other disciplines such as physics, chemistry and computer science. 
Specihcally, although the algebraic topology of conhguration spaces turns out to be a key issue 
for many problems in algebraic geometry, knot theory, diherential topology and homotopy theory, 
except for a few standard situations (conhgurations on Euclidean spaces and spheres), there is a 
rather surprisingly lack of explicit descriptions of the cohomology ring of conhguration spaces. It 
is the aim of this paper to help mend such a situation by providing fully detailed descriptions in 
the case of ordered conhgurations on real projective spaces, as well as on punctured real projective 
spaces. In fact, rather than our explicit results, it is our methods (using orbit conhguration spaces) 
that might be more interesting and could help shed light in other situations, specially when combined 
with already existing methods (some of which are mentioned later in the paper). 


Taking one step deeper into motivation requires reviewing a key construction, namely the space 
of hnite “linear” combinations of points in a space X with “coefficients” in a based space (T,a), 
where a is regarded as zero. The underlying set is 


C(X,L) 


]JConf(X,/c) Xs, 


k>0 




where ~ is the equivalence relation generated by 

((xi,...,Xfe), (4,...4)) ~ ((xi,...,Xi,...,Xfe), (4,...4,...4)) 

if 4 = A. (We agree to set Conf (X, 0) = = x, which gives the base point in 4(X, L).) There are 

canonical maps 

]J Coni{X,k)xj,^L’^ ^C{X,L) 

0<k<r 

and we take the largest topology on C (X, L) so that all the maps vr^ are continuous. 


The resulting space is most interesting when X = M is a smooth manifold. Indeed, L)) 

can be used to approach three seemingly different geometric objects: To begin with, the Anderson- 
Trauber spectral sequence, which converges to the cohomology of the space of based maps from 
M to L, has E 2 -term given by H*{C{M — pt,L)). On the other hand, for a suitably chosen L 
(depending only on dim(M)), H*{C{M, L)) gives the E 2 -term of the Gelfand-Fuks spectral sequence 
converging to the continuous cohomology of the Lie algebra of compactly supported C°°-vector fields 
on M. Furthermore, as proved by Haefliger and Bott-Segal, the latter situation is closely related 
to D. McDuff’s function spaces Ffc(M) of sections of degree k of the bundle obtained by one-point 
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compactification of each fiber in the tangent bundle of M. In such a context, the basic ingredient 
in a spectral sequence converging to is H*{C{M, 5'°)). 

On purely honiotopy theoretic grounds, conhguration spaces occupy an important position. To 
start with, the classical case of 0(M"*, L) leads to a complete and useful theory of homology opera¬ 
tions for m-fold loop spaces. Also particularly interesting is the very fruitful connection (via Artin 
groups) between conhguration spaces and geometric topology: On the one hand, Conf (M^, k) and 
are aspherical spaces whose fundamental groups are the classical Artin braid groups on 
k strings (we get the pure braid groups version, in the case of the ordered conhguration space). 
In slightly more general terms, Conf (M, k) and B{M, k) are Eilenberg-MacLane spaces K{ti, 1) for 
other versions of Artin braid groups tt, if M is a surface not homeomorphic to or MP^. On the 
other hand, Artin groups play a role on the homotopy theory of mapping class groups of orientable 
punctured surfaces with boundary components, and on the stable structure of their classifying 
spaces. In addition, there is an appealing connection between the Kervaire invariant problem and 
a distributivity law for braid groups. 

It should not be surprising that conhguration spaces can be found at the heart of some of the 
major breakthroughs in homotopy theory. The point starts by noticing that Brown-Gitler spectra, 
one of the fundamental pieces in homotopy theory, have played a critical role in the solution of 
central problems such as: 

(1) the Immersion Conjecture for manifolds, 

(2) the Segal Conjecture relating the Burnside ring of a hnite group G to the stable cohomotopy 
of the classifying space BG, 

(3) the Sullivan conjecture on the homotopy nature of the mapping space Map(i?G, X) for G a 
hnite group and X a hnite cell complex, and 

(4) the disproof of the Doomsday Conjecture, i.e. Mahowald’s construction of inhnite families 
of elements having Adams hltration 2 in the stable homotopy groups of spheres. 

The punch line then comes from the fact that Brown-Gitler spectra can be realized as Thom 
spectra of vector bundles over conhguration spaces on Euclidean spaces. In particular, this leads to 
a classihcation up to cobordism of braid group oriented manifolds. 

Despite of having been studied intensively, except for a few special cases, explicit presentations of 
the cohomology ring of conhguration spaces were largely unknown in the late 80’s. The work back 
then, mostly represented by [U El El El IIHI Eli E2l E31 EH EH ESI EEl EZ], focuses mainly on additive 
descriptions with held coefficients. The work of Kriz and Totaro f |29l ES]) in the early 90’s, and of 
Felix-Tanre and Felix-Thomas f |23l [24] 1 in the 2000’s settled much of the multiplicative structure 
(mostly with held coefficients) in the case where M is a projective algebraic variety and, more 
generally, if M is rationally formal (mostly with characteristic-zero coefficients). But the problem 
is still largely unsettled for more general manifolds and coefficients. 

In this state of ahairs, and to the best of the authors’ knowledge, the present paper is the hrst 
successful attempt to get at a full description of cohomology rings i7*(Conf (M, fc); R) (in terms of 
generators, relations and explicit additive bases) for a not necessarily orientable manifold M using 
not necessarily held coefficients R (see the explicit descriptions summarized in the next section). 
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Not reflected by our accomplishments is the fact that this work arose in part from a desire of 
understanding the cohapsibility of the Cohen-Taylor spectral sequence in the case of the real projec¬ 
tive spaces. Further indications on this direction are given in the paragraph following Remark 12.31 
in the next section. An unexpected bonus of our work is that we get examples of homotopy equiv¬ 
alent manifolds whose conhguration spaces have different stable homotopy types and whose loop 
spaces are not homotopy equivalent. This property is contextualized in the discussion following 
Corollary 12.61 at the end of the next section. 

We close this introductory section by briefly mentioning a couple of relatively new areas (in a 
sense dual to each other) of current research where conhguration spaces have played a central role— 
thus adding to the general point in this section: explicit information on the algebraic topology of 
conhguration spaces is eagerly awaited and needed. 

For a smooth algebraic variety X, Fulton-MacPherson’s compactihcatiorU Conf [X, n] of the con¬ 
hguration space Conf (X, n) is the result of a series of blow-ups of the naive compactihcation 
Conf (X, n) C X” in order to make the complement of Conf (X, n) in Conf [X, n] a divisor with 
normal crossings. The idea was soon translated to the manifold setting by Axelrod and Singer who 
dehned, for a smoothU manifold M, a corresponding compactihcation Conf [M, n] of Conf (M, n) 
by using spherical blow-ups. The construction has proven vital in quantum topology, e.g. in the 
identihcation of invariants of three-manifolds coming from Chern-Simons theory. More recently, 
Sinha (partly motivated by earlier work of Kontsevich) has given an elementary construction of the 
compactihcation Conf [M,n]—avoiding the use of blow-ups—with far reaching applications to the 
study of knot spaces from the point of view of the Goodwihie-Weiss manifold calculus. 

Lastly, it should be mentioned that the known homological stability of unordered conhguration 
spaces on open manifolds is one of the phenomena that has motivated the recent development of the 
concept of topological chiral homology (also known as factorization homology, or higher Hochschild 
cohomology)—i.e. the study of homology theories for n-manifolds with values in spaces and whose 
coefficient systems are n-disk algebras or n-disk stacks. 


2. Main results and their contextualization 


The goal of this work is to give a description of the cohomology ring away from 2 of conhguration 
spaces of pairwise distinct ordered points in (either regular or punctured) real projective spaces. 
Our main results are stated next where k and n stand for integers greater than 1. 


Theorem 2.1 iTheorem 17.6p . Suppose R is a commutative ring with unit where 2 is invertible. 
For n>2 odd, there is an R-algebra isomorphism 

l/*(Conf (MP^, fc); R) ^ A(i„) ® R[C+]//C, 


where in has degree n and is the image of the generator in RP" under the projection on the first 
coordinate Conf (RP”', k) RP”, the generators in C’*' have degree n — 1 and are detailed at the 
beginning of Section 4, and the relations K, are specified in Theorem\7.j 


^We follow the notation suggested in [35] . 

^ An alternate approach to Conf [M, n] through the theory of operads was fully developed and extended to arbitrary 
manifolds by Markl following pioneering work by Getzler and Jones. 
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Theorem 2.2 (Theorem I7.12p . Let R be a commutative ring with unit where 2 is invertible. For 
n>2 even, there is an R-algebra isomorphism 


H*{Coni{RF^, k);R) = A{uj 2 n-i) <S) R[S]/ J, 

where uj 2 n-i is a generator of degree 2n — 1 specified in Theorem \5.tA the set of generators S have 
degree 2n — 2 and are defined just above Lemma m and J is the ideal generated by the relations 
in Lemma\7.9. 


The relations in K. are a reincarnation of those dehning the cohomology of the standard ordered 
conhgnration spaces on Enclidean spaces (snch a fact will be nsed in Remark 12.31 and will be 
explained in the paragraph following Remark 12.31 within the context of the Cohen-Taylor spectral 
seqnence). On the other hand, althongh the relations dehning ff are particnlarly involved (their 
explicit description reqnires a conple of pages at least), we manage to describe an explicit fnlly- 
working additive basis for the tensor factor R[S]/J' (see Theorem 17.lip . 


Remark 2.3. Theorem 17.61 and the known description of the cohomology ring of conhgnration 
spaces on spheres ([HI pp. 112-114] and [211 Theorems 2.4, 5.1, and 5.4]) imply that there is a 
ring isomorphism i7*(Conf (S'”, fc); i?) = i7*(Conf (MR”, fc); R) provided n is odd. Compare with 
Remark 17.51 Bnt there is no snch an isomorphism if n is even, in view of Theorem 17.121 


It is illnminating to look at the above resnlts within the context of the Cohen-Taylor spectral 
seqnence for a space X, i.e. the Leray spectral seqnence for the open inclnsion Conf (X, k) X^. 
To be precise, in the following considerations we take cohomology with rational coefficients, and we 
let M stand for a connected m-dimensional manifold with m > 2. Recall from [321 Theorem 1] (see 
also m pp. 117-119] and [291 Theorem 1.1]) that, if M is oriented and closed, the initial term E 2 
and the hrst non-trivial differential Sm in the Cohen-Taylor spectral seqnence for M depend only 
on the cohomology ring and orientation class of M. Explicitly, 

(a) E 2 is the i7*(M)®^-algebra generated by exterior classes G with 1 < j < i < k, 

subject to the relations in ([7]) at the beginning of the next section together with the relations 
(7r*(a:) — 7i*{x))Aij = 0 where tt^: X^ —)■ X denotes projection on the Rth coordinate, and 

(b) all differentials Si with 2 < i < m are trivial, while Sm vanishes on and, therefore, 

is determined by Sm{Aij) = where Am G i7™(X) is the diagonal class of M, and 

TTjj : X^ —>■ X X X is the projection 7iij{xi, ..., Xk) = {xi, Xj). 

Totaro shows in addition that, when M is a complex projective variety, the spectral sequence 
collapses from its Em+i-term yielding an algebra isomorphism H*{Coni{M, k)) = H*{E 2 ,Sm) 1 |36[ 
Theorem 3]). More generally, as a consequence of [H Theorem 3.2], Felix and Thomas prove in [2T[ 
Theorem 1] that such a collapsing property must hold when M is rationally formal (they also prove 
that the collapsing fails when M is a simply connected manifold carrying suitable non-trivial Massey 
product^. Since real projective spaces are rationally formal, the above collapsibility phenomenon 
holds in the case of MP” whenever n is odd (so that the orientability requirement holds). This is of 
course compatible with Theorem 17.61 Indeed, since the rational cohomology rings and orientation 
classes of S'” and MP” agree, the Cohen-Taylor spectral sequences for these two spaces agree up 
to their m stage, after which both collapse by rational formality. This yields the isomorphism in 
Remark 12.31 Of course, we have noted such a ring isomorphism when coefficients other than the 

'^We thank Professor Totaro for kindly pointing out that this is dealt with in |24) . 
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rationals are used (as long as 2 is invertible). Furthermore, in view of Theorem 17.121 (and specially 
by the complexity of the relations dehning J7), we would expect that an eventual description of the 
Cohen-Taylor spectral sequence for a non-orient able real projective space would be more elaborate 
that the one in items (a) and (b) above. 

Even though our methods do not make direct use of the Fadell-Neuwirth fibration 
(1) Conf(MP” -a,A;) ^ Conf (RP’", fc + 1) ^ RP”, 

our approach to Theorems 17.61 and 17.121 allows us to get information on the cohomology ring of 
conhguration spaces on punctured real projective spaces. 

Theorem 2.4 iTheorem 18.ip . Let R be a commutative ring with unit where 2 is invertible. For 
n > 2 odd; there is an isomorphism 

i/*(Conf(RP”-A, k)]R) ^ R[C+]/K: 

of R-algebras. 

Theorem 2.5 (Theorem 18.4p . Let R be a commutative ring with unit where 2 is invertible. For 
n>2 even, there is an R-algebra isomorphism 

i/*(Conf(RP”-A, ky,R) = R[S']/J', 

where the generators £' and the relations J' are detailed in Section\3 


Just as in the case of non-punctured spaces, we describe explicit fully-working additive basis for 
the cohomology rings in Theorems 18.11 and 18.41 (see Theorem 18.Jh . In particular, the fact that all 
these cohomology groups are i?-free of rank independent of the actual ring R, imply: 

Corollary 2.6. There is no odd torsion in the integral cohomology rings of Conf (RP”, k) and 
Conf(RP”-A, k). 

Longoni and Salvatore show in [Ml Theorem 2] that there are 3-dimensional twisted lens spaces 
having the same homotopy type, but whose fc-points configuration spaces fail to be homotopy 
equivalent for all /c > 2 . As a consequence of the main results of this paper, we get a new family of 
examples for which the homotopy invariance of conhguration spaces fails. Namely, Conf (RP*^, k) 
and Conf (RP"'”''^ — a, k) are not homotopy equivalent when k > 3, even though RP” ~ RP"'”''^ — *. 
Actually, Conf (RP", k) and Conf (RP"'"''^—a, k) do not have isomorphic cohomology groups. Indeed, 
for n odd and k > 3, Theorem 17.61 implies i7"'“^(Conf (RP", fc)) 7 ^ 0 while, by Theorem 18.4[ 
^n-i(Conf (RP"-+^ — A, k)) = 0. Consequently, our results imply that 

(2) Conf (RP”, k) and Conf (RP"'^^ — a, k) cannot even be stably homotopy equivalent. 

Unlike the example by Longoni and Salvatore, the examples in ([2]) fail to deal with closed manifolds 
of a hxed dimension. Yet our examples illustrate the importance of the two additional hypotheses in 
[H Theorem A] where Aouina and Klein prove the stable homotopy invariance of conhguration spaces 
assuming that the manifolds to which one takes conhgurations are not only homotopy equivalent 
but are closed (PL) manifolds of a hxed dimension. Likewise, our results (and a standard argument 
using the Serre spectral sequence) show that Conf (RP"", fc) and Conf (RP”^^ — a, fc) cannot have 
homotopy equivalent loop spaces. This now illustrates the importance of the (implicit) additional 
hypotheses in [301 Theorem 0.1] where Levitt proves (in particular) a homotopy equivalence between 
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the loops spaces of the fc-point conhguration spaces associated to two homotopy equivalent closed 
manifolds of a hxed dimension. 

Note that the conhguration spaces Conf and Conf fc) also illustrate the two phe¬ 

nomena discussed in the previous paragraph. But our examples with real projective spaces are more 
interesting in at least two ways. For one, we use homotopically non-trivial manifolds. Secondly, our 
examples involve “really” different cohomology rings, in the sense that, unlike the examples with 
Euclidean spaces, the cohomology rings if*(Conf (RP"', fc); i?) and if*(Conf (RP”"''^ — a, do 

not just differ by a degree rescaling. 

Our proofs of the results described so far use the notion of an orbit conhguration space. We 
describe the explicit spaces we need, as well as their cohomological properties, after recalling the 
general dehnition of an orbit conhguration space. 

For a positive integer k and a topological space X with a (say left) action of a group G, the 
orbit conhguration space of k ordered points on X, denoted by ConfG(X, /c), is the subspace of 
consisting of the /c-tuples (xi,..., Xk) € X^ such that G ■ Xi ^ G ■ Xj whenever i ^ j. For instance, 
we recover the dehnition of an (usual) ordered conhguration space when G is the trivial group. Note 
that the orbit conhguration space ConfG(X, k) inherits the coordinate-wise action of given by 

(3) (5-1 ,... ,gk) ■ (xi,.. .,Xk) = (gi ■ xi,.. .,gk- Xk). 

We are interested in the antipodal action of Z 2 = {±1} on the sphere S'^ and on the double 
punctured sphere S'” — {±a}, where a is some hxed base point of S'”. The cohomology rings of the 
orbit conhguration spaces 

(4) Confz,{S^,k) and Coni- {±i^}, k) 

and the resulting action of (^ 2 )^ in their cohomology have been considered in [221 Theorems 12, 
14, and 17, and Lemma 7] and in [38l Theorems 1.1 and 5.2 and Tables 1 and 2]. Unfortunately 
both of these works contain a few subtle typos, mistakes, and gaps—see Remarks 14.6114.10115.4116.71 
and 16.81 for more precise indications. Our viewpoint corrects and extends the methods and results 
in [58] (and, indirectly, in [22]) to prove, in particular, the following result (which encompasses 
Theorems 14.5115.1115.31 in this paper) on the cohomology of the orbit conhguration spaces in (|T|lp|: 

Theorem 2.7. Let R denote a commutative ring with unit (where 2 is not necessarily invertible). 

(1) For n > 2 od^, there is an R-algebra isomorphism 

i/*(Confz2(5”, k);R)= A[6„] ® H*{Coniz,iS^ - {±a}, k - 1); R) 

where in has degree n and is the image of a generator in S'” under the projection on the first 
coordinate ConiifiS'^^k) —>■ S'”. 

(2) Assume that the characteristic of R is either zero or an odd integer. For n > 2 even, there 
is an R-algebra isomorphism 

H*{ConfzfiS^,k);R) = {A{in,UJ2n-l)/{2inRnUJ2n-l)) ® R[B]/J 

^The description of the action of ( 7 , 2 )’^ on i?*(Conf (S'", fc); it) and on i?*(Conf (S" — {±*}X);lt) requires 
additional preparatory considerations lying outside the displaying scope of this section. Details are provided in 
Section [6l fTheorems l6.2l and l6.3l deal with the case of Confz 2 (S” — {±*},fc), while Corollaries 16.41 and 16.51 deal with 
the case of Confz 2 (S", fc)). 

®This restriction can be waived if the characteristic of i? is 2. 
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where in and u) 2 n-i are as above, and where the generators in B (all having degree n — 1) 
and the relations in J are described in / f^) and its immediate considerations. 

(3) For n > 2, there is an R-algebra isomorphism 

H*{Coniz,{S^ - {±a}, k - 1); R) = R[A]/I 

where the generators in A (all having degree n — 1) and the relations in I are defined in (Hj 
and its immediate considerations. 

Just as in the case of the standard conhguration spaces, we will describe explicit fully-working 
additive basis for the cohomology rings of the orbit conhguration spaces in Theorem 12.71 

As an application, we study the Lusternik-Schnirelmann category (LScat) and the higher topo¬ 
logical complexities (HTC’s) of some of the orbit conhguration spaces considered so far. We start 
with a brief review of these categorical concepts. 

The LScat arose from Lusternik-Schnirelmann’s study in the late 1920’s of the calculus of varia¬ 
tions in the large, in particular from their results on the existence of geodesics on topological spheres. 
In the case of a manifold M, LScat gives a lower bound for the number of critical points that any 
smooth real-valued function on M can have. With an apparently diherent motivation, the notion 
of HTC has been recently motivated and actively studied due to its connection with the sequential 
motion planning problem in robotics. In both cases, the most espectacular achievements have come 
from the homotopy facets of these invariants. Despite their differences in time and motivation, both 
concepts are particular cases of Schwarz’s notion of the sectional category (or genus) of a hbration. 

The sectional category of a hbration p: E ^ B, denoted by secat (p), is one less than the minimal 
number of open sets U covering B so that p admits a local section on each U. If no such hnite 
cover of B exists, we agree to set secat (p) = oo. In these terms, the LScat of a path connected 
space X, cat(Jf), is the sectional category of the evaluation map e^ -Po(X) —)■ X, 7 ha 7 ( 1 ), where 
PoiX) is the space of paths 7: [0,1] —)• X sending 0 to some choseru base point of X. Likewise, for 
an integer s > 2, the s-th HTC of a path connected space X, TCs(X), is the sectional category of 
the evaluation map : P{X) —>■ X®, 7 h-)- 7 ( 0 , ..., 1), where P{X) stands for the space of 

all paths in X. The books US [19] contain a thorough discussion of the meaning, motivation, and 
general properties of these concepts, including a list of relevant references. 

For our purposes, and in order to homogenize the following statements, it will be convenient to 
write TCi(X) as a substitute for cat(X). We show that the LScat and all the HTC’s of the orbit 
conhgurations spaces in item 3 of Theorem 12.71 can be computed cohomologically (Theorem 19.41 in 
this paper). For instance. Corollaries 19.21 and 19.31 in this paper can be combined into the following 
assertion: 

Corollary 2.8. For positive integers n and s with n > 2, TCs(Confz 2 (*S'"' — {±a}, k)) = sk — 6n,s 
where Sn,s ^ {0, 1 } and, in fact, 6n,s = 0 if s = 1 or n is odd. 

The paper ends with evidence f Theorem 19. 6 1 and Remark l9.7p for the conjecture that Corollary 12.81 
can be 

• extended to consider the case n = 2 and, at the same time, 

• made fully precise by setting ^ 2,1 = 0 and 5n^s = 1 if n is even and s > 2 . 

^This definition is independent of the chosen base point. 
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3. Proof methodology 

The five theorems above describing cohomology rings have technically-involved and highly-compu- 
tational proofs. As a result, a non-specialist reader might loose track of the global picture while 
checking all needed details. Thus, in order to increase readability of our work, we now describe our 
general strategy of proofs. We also take the chance to describe the organization of the paper, and 
to say a few words about the need of the various hypothesis made on the cohomology coefficients. 

We have already noted the coordinate-wise (Z2)^-action on Confz2(*S'"', fc) and, by restriction, 
on Confz2 (*S'" — {±a},/c). These actions are clearly free. As noted in [3H1 Proposition 2.1], the 
corresponding orbit spaces are homeomorphic to Conf (MP"', k) and Conf (RP” — a, fc), respectively. 
We thus get (Z2)^-fold covering projection maps 

(5) pny. Confz2(^”, k) Conf (RP”, k) and p'^y. Confz2 (^” - {±a}, k) Conf(RP’" - a, fc). 

We compute the cohomology of Conf (RP"', k) and Conf (RP”' — a, k) via the spectral sequences as¬ 
sociated to the coverings pn,k and p'n ki Serre spectral sequence^ for the maps classifying 

these two covering projections. 

The first needed ingredient is, then, a description of the cohomology rings of the source spaces 
of pn,k and p'^ j,. In the case of this is attained by means of an inductive process based on 
the analysis of the Serre spectral sequences of the fibrations — {±a}, k) —)■ Confz2(*S'”' — 

{±a}, k — 1) given by projection on the first k — 1 coordinates. All these spectral sequences have 
simple systems of coefficients, collapse, and by sparseness cannot have additive extension problems 
(for any cohomology coefficients). The assembling of the multiplicative structure from that of their 
Eao term has to be worked out carefully, though, and this is where the work in [3H] has to be 
diligently reviewed and corrected. This initial step is completed in Section 01 

The information above allows us to compute the cohomology of the source space of pn,k via the 
Serre spectral sequence of the fibration 

(6) Confz2 (^” - {±a}, k-l)^ k) 

where the second map is projection on the first coordinate. This spectral sequence has a simple 
system of coefficients (just because n >2) and collapses when n is odd, but it has a single layer of 
non-trivial differentials when n is even. Multiplication by 2 plays a key role in such differentials, 
and this is where we use the additional hypothesis in item 2 of Theorem 12.71 — so that multiplication 
by 2 yields a monomorphism. In characteristic 2, the spectral sequence collapses for an even n 
too, yielding of course the output in item 1 of Theorem 12.71 In either case, there are no (additive 
or multiplicative) extension problems in the resulting E^o term, and this yields on the nose the 
multiplicative structure in item 2 of Theorem 12.71 (The lack of extensions problems is forced by 
sparseness if u > 2, but an additional argument using Brown representability is needed when n = 2, 
which is our novel contribution in this step, as the case u = 2 is not dealt with in [381 Theorem 5.2].) 
All this is reviewed in more detail in Section [5l 

Our fully novel work starts in Section [6l where we take the first steps in the determination of the 
A'2-terms of the Serre spectral sequences of the classifying maps of the two coverings pn,k and p'^j^. 

®In this paper we use without further notice the standard fact that, for a commutative ring with unit R, the Serre 
spectral sequence associated to a fibration tt: E ^ B with fiber F has E 2 term given by E^'’^ = HP{B\H‘^{F\R)), 
where the system of coefficients can be non-trivial, and converges as an algebra to H*{E; R). 









10 


J. GONZALEZ, A. GUZMAN-SAENZ, AND M. XICOTENCATL 


Indeed, we describe the system of local coefficients in those spectral sequences, that is, the action 
of (2,2)*^ on the cohomologies of Confz2(*S'”, k) and — {±a}, k). As explained in detail in 

Section [6l a very important point in our approach arises from the observation that the cohomology 
of the latter space admits in fact an action of The extended action is better explained 

(after shifting the index k) by recalling that ConiZ 2 {S"' — {±a}, A; — 1 ) is the hber in (j6]). 

The explicit description of the ii^2-term of the spectral sequence for pn,k is currently unknown 
(and might turn out to be a hard task to accomplish) in the general case, but its analysis is greatly 
simplihed in this paper by assuming in Theorems 17.61 and 17.121 that 2 is invertible. Indeed, since 
the cardinality of (^2)^—a power of 2—kills the positive dimensional cohomology of (^2)^ (with 
any coefficients), the invertibility of 2 implies that the spectral sequence for is concentrated 
on the “hber” axis. The collapsing of the spectral sequence then comes for free, yielding that the 
cohomology ring of the target space of pn^k can be described as the subring of (Z2)^-invariants. The 
explicit description of this subring of invariants is the central task in Section [71 where the hypothesis 
that 2 is invertible is used once again in order to simplify calculations. Indeed, in earlier versions 
of this work, the computation of (Z2)^-invariants was worked out by brute force in several pages 
of hard calculations. But eventually we realized that the task can be drastically simplihed with a 
suitable change of basis—which only makes sense when 2 is invertible (see fiT2|) and ([52])). 

Lastly, Section [8] deals with calculations analogous to those in Section [3, but now in the “punc¬ 
tured” case, and Section [9] deals with the applications to the LScat and the HTC’s. 


4. The cohomology of Confz2(5'" - {±a}. A;) 

Readers wishing to use |3Hl Theorem 1.1] need to be aware that there is a subtle (but critical) 
typo in the given presentation of the cohomology ring of Coni’Z 2 {S‘^ — {±a}, k) (see Remark 14.6p . 
Realizing the problem is not an easy task, as the descriptive arguments provided in [5B] avoid 
explicit computational details. To mend the situation, in this section we review the methods in 
Sections 3 and 4 of [3B|, going into great details in order to hx the cohomology presentation. 

Let R denote a commutative ring with unit where 2 is not necessarily invertible. All cohomol¬ 
ogy rings in this section will be considered with coefficients in R unless otherwise stated. Also, 
throughout this section n will denote an integer greater than 1. 

Let us start by recalling that the cohomology ring of Conf(R"',A:) was hrst computed in jl3j . 
The following description follows the notation in P, p. 22]. For 1 < j < i < k, consider the maps 
p'j : Conf (M”, k) —)■ 5"'“^ given by 


p[Axx,...,Xk) = 


Ob 2 ^ j 

I OC ij OC '1 


Let Ln-i G i/” ^(S'"' ^]R) denote the cohomology fundamental class of S'"" and set A[ - = 

P'i/On-l)- 

Lemma 4.1. As an R-algebra, H*{Coni (M”’, A:); R) is generated by the {n — 1)-dimensional elements 
A'ij, for I < j < i < k, subject to the relations 

( 7 ) AAAA = KMr-K,) 

for r > i > j. 
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Lemma 14.11 can be checked inductively using the Fadell-Neuwirth hbrations Conf (M”, k) 
Conf (R"", k — 1) given by projection onto the hrst k — 1 coordinates. The argument will be mim¬ 
icked in the proof of Theorem 14.51 below—the central result in this section—in order to deal with 
Conf (S'"" — {±A},fc). For this to work, we of course need to know that orbit conhguration spaces 
satisfy: 

Lemma 4.2 f [38l Lemma 2.3]). Let X be a manifold with a properly discontinuous action of a 
finite group G. If the orbit space X/G is a manifold and I < k, then the projection ConfG'(-^, k) —)■ 
ConfG(-^, 1) onto the first I coordinates is a locally trivial bundle with fiber ConfG'(-^ — Qf, k — 1). 
Here Qf denotes the union of I disjoint orbits. 

Remark 4.3. It will be convenient to work with the following slight reinterpretation of the orbit 
conhguration spaces Conf 22 (*S'"' — {±a}, k). Stereographic projection from a yields a homoeomor- 
phism S'” — {±a} = R” — {0}. In these terms, the Z 2 -antipodaI action on the punctured sphere 
takes the form t{x) = ~ for x in the punctured Euclidean space R” — {0}, where r G Z 12 stands 
for the generator (see |3H1 P- 4]). This is the action to be considered on the left hand side of the 
resulting homeomorphism Confz 2 (R"' — { 0 }, k) = Confz 2 (S'” — {±a}, k). 

Remark 4.4. As explained in the paragraph containing ([2]), a central point in this paper is the de¬ 
termination of the cohomology of Confz 2 (S”, k) from knowledge of the cohomology of Confz 2 (R" — 
{0}, fc — 1). With this in mind, and in order to avoid readjusting notation later in the paper, in 
this section we set notation to study the orbit conhguration space Confz 2 (R” — {0}, k — 1 )—rather 
than the orbit conhguration space in the title of this section. 


With this preparation, the last ingredient before stating the main result in this section is the 
dehnition of elements Aij G R”“^(Confz 2 (R"' — {0},A: — l);R) playing a role analogous to that 
played by the elements A'j. Explicitly, for 0 < |jj < i < k, we set Ajj = where, as above, 

Ln-i is the cohomology fundamental class of 5”“^, and the maps pij : Confz 2 (R"'—{ 0 }, k—1) —)■ 5'”“^ 
are given by 


( 8 ) 


• • • 7 ^k—l) 

• • • •) 1 ) 

• • • : ^k—l) 



Ol i OC j 

lij 2, oc J 11 

Xi — TXj 
Xi — TXj 


if j > 0 ; 
if j > 0 . 


Lastly, we put 


( 9 ) 


A = {Ajj, \1 < j < i < k} U {Ai_j \1 < j < i < k} U {Aj^o I 1 < * < k}. 


Theorem 4.5 f [38l Theorem 1.1]). Forn,k > 2, there is a graded R-algebra isomorphism 
( 10 ) iL*(Confz 2 (R” - { 0 },fc- 1 );R) = R[A]/I 

where I denotes the ideal generated by the following relations: 

(a) For Q < j < i < k, 
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(b) For 1 < i < r < k, 




A -A ■ — 

—i 


{ — l)^Ai^Q{Ar-i — Ar^i). 


(c) For l<j<i<r<k, 


A -A ■ 
A ■ A 

■^r,j -^T,—2 

A ■ A 

—j 

A -A 

■^r ,—J -^r ,—i 




= {-l)‘^Ai_j{Ar-j - Ar^i), 

= ( —l)”(y4j^o ~ ~ ^r,-j)- 

•••A- 


Further, m is R-free and an additive basis is given by the monomials Ai,ji • • R < A 

whenever i < F. 

Remark 4.6. The relations given in [381 Theorem 1.1] for the prodncts of the generators Aij 
contain a (small bnt critical) typo. Namely, the product ArjAr-i is not equal to (—l)”'(y4j^o +A,o— 
Aij){Ar-i — Arj), as it is claimed there, but rather to the expression in (c) above. 

Before going into full details, we describe the plan of proof for Thereom 14.51 Since the case k = 2 
is obvious, we can safely assume k > 3. We hrst work inductively with the hbration 

( 11 ) (M*" - {0}) - ^ Confz,(M” - {0}, k-1)^ Confz,(M” - {0}, k - 2) 

given by projection onto the first k — 2 coordinates iLemma 14.2p . We show that the correspond¬ 
ing Serre spectral sequence has a trivial system of coefficients and collapses from its E 2 term 
fLemma 14.9p . This yields the additive structure in fllOp . The determination of the multiplicative 
structure requires dealing, in a term-by-term basis, with each relation defining /. The method is 
the same in all cases, and we only give full details in a representative situation, namely the one 
correcting the typo in [381 Theorem 1.1] observed in Remark 14.61 The general idea is to reduce the 
problem to the case fc = 4 by using a naturality argument (based on Lemma [4.12p : a suitable map 
Confz 2 (lR"' — {0}, 3) —)■ Conf (M"', 3) (dehned in Lemma l4.13p then allows us to “import” the desired 
relation from the known multiplicative structure in Lemma 14.11 

Completing the proof details for the strategy just sketched requires an additional key ingredient. 

Confz 2 (K” — {0}, 3), 0 < |j| < i < 4, dehned by 


Namely, we consider maps /j,- : S' 


n—1 


fpoix) 

= {x, 2e, 3e), 

f2,o{x) = 

(e, |,3e). 

f2,i{x) = 

(e,e + 


X 

f3,oix) = 

/ 3 x. 

hiix) = 

/ 3 

= (e,-e-l- -,3e). 


(e, 2 ^, 


.33 X. 

f3,-i{x) = 

,3 X. 

f3,-2{x) = 

/ 3 


(e,-e,-e-F-), 

(e, -e, 
V 1 2 ’ 


( 12 ) 


where e = ( 1 , 0 ..., 0 ) G 
exercise for the reader. 


X. 

+ 3 *’ 

2 X. 

y+h' 

The straightforward verihcation of the following result is left as an 


Lemma 4.7. Let 0 < |jj < i < 4 and 0 < |s| < r < 4. The composite Pr,sfi,j is nullhomotopic 
unless r = i and s = j in which case Pr,sfr,s — identity. 
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With all the pieces in place, we hnally start with the detailed arguments leading to the planned 
proof of Theorem 14.51 To begin with, note that the hber in fITT]) has the homotopy type of a wedge 
of — 3 copies of the {n — l)-dimensional sphere: 

(13) (R” - {0}) - ~ V 

2k-3 

Lemma 4.8. The classes € H"'~^{Coni— {0}, k — 1); R), 1 — k < j < k — 1, restrict 

under the fiber inclusion of m to the standard basis of H'^ ^(V 2 A :-3 ^)- 

Proof. Think of the indicated hber as {qi} x ••• x {qk- 2 } x ((1^"'~ {0}) — Qk- 2 )^ lying 

over a hxed point (gi,..., qk- 2 ) e Confz 2 (ffi” - {0}, k - 2) where 'r ■ <?u • • •, (lk- 2 , t ■ 

qk- 2 }- In these terms, the inclusions of the wedge-summand spheres appearing in the homotopy 
equivalence flT^ can be indexed by points in Q := {0} U Qk- 2 - Namely, for q ^ Q, the inclusion iq 
of the g-th wedge summand sphere into the hber is realized up to homotopy by the obvious degree- 1 
map which sends to {gi} x • • • x {gfc_ 2 } x Eg, where Eg is the sphere of radius r centered at 
g, and r is small enough so that no point in Q — {g} lies in the convex hull determined by Eg. If 
we set go = 0 and qj = r ■ q-j for 2 — /c < j < 0, so that Q = {qj} 2 -k<j<k- 2 , then we see directly 
from the dehnition of the maps Pk-i,j that the composite Pk-ij' ° Rj is nullhomotopic if j 7 ^ j', but 
has degree ±1 if j = j'. Consequently, Ak-ij restricts under the hber inclusion to the generator 
corresponding to the g^-th sphere in flT^ . □ 

Lemma 4.9. The three spaces in / fTI]) are {n — 2)-connected and have cohomology concentrated in 
dimensions divisible by n — 1. Furthermore, the system of local coefficients in / f77]) is trivial, and 
the corresponding Serre spectral sequence collapses. 

Proof. The base space in flTT|) has the homotopy type of when k = 3. Therefore, the assertion 
about the connectivity of the spaces follows from an inductive argument (on k) using flT3|) and the 
long exact sequence in homotopy groups of (ITT]) . 

Since the cohomology assertion is obvious for n = 2, it suffices to prove it for n > 2. In such 
a case, all spaces in (ITT]) are simply connected, so that the local system of coefficients is forced to 
be trivial. Assume inductively that, just as for the hber, the cohomology of the base space in (ITT]) 
is concentrated in dimensions divisible by n — 1. Then the spectral sequence under consideration 
collapses by sparseness, and the cohomology of the total space is forced to be concentrated in 
dimensions divisible by n — 1 too. 

The previous argument takes care of the assertions about the behavior of the spectral sequence 
when n > 2 (trivial local coefficients and collapsibility). In any case, the assertion for n >2 follows 
from Lemma IT78] and the fact that, if F —)■ —)■ 5 is a hbration for which H*{E]R) —)■ H*{F]R) 
is surjective, then the corresponding Serre spectral sequence collapses and has a trivial system of 
local coefficients (see (T] Theorem 14.1] or [331 Theorem 4.4]). □ 

Remark 4.10. The hnal task in the proof above, namely the surjectivity of in cohomology of the 
hber inclusion in flTT]) when u = 2, is addressed in [221 Remark 10]. However, that argument is 
hawed as it uses [221 Lemma 7(iv)] which, as explained in Remark 16.81 leads to inconsistencies. 
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Proof of the additive assertion in Theorem |^.5[ We need to assemble the cohomological information 


coming from the spectral sequences for each of the (vertical) hbrations in the tower 


Conf^ 




V2.-3 


Confz,(M" - {0}, k-2)^ -V 2.-5 


Confz,(M" - {0}, 2) --Vs 

- { 0 } ^ S^-^. 

For the hbration in the bottom of the tower, we know that E 2 = -Eoo, which evidently is a 
(doubly graded) free -R-module. In particular, all possible extensions are trivial when recovering 
/f*(Confz 2 (R"' —{0}, 2); R) from its (-R-free) graded associated E^o- Consequently, if*(Confz 2 (M” — 
{0},2);/2) is i?-free too. Working our way upwards in the tower, the argument above repeats, and 
we deduce that, just as in the case of the bottom hbration, none of the spectral sequences for the 
hbrations in the tower has non-trivial extensions, and if*(Confz 2 (lR"' — {0}, fc — 1)) is i?-free. In 
fact, we get an i?-module isomorphism 

(14) i7VConfz2(M" - {0}, k - l)]R) ^ M^® M2® ■ ■ ■ ® Mk-i 

where Mj is the i?-free module generated by the zero dimensional class 1 and by the {n — 1)- 
dimensional spherical classes {^*, 0 } U {Aij, This gives the assertion about the additive 

structure in Theorem 14.51 □ 

The remaining of the section deals with the ideas leading to the multiplicative structure in 
Theorem 14.51 thus, we assume /c > 4 (the multiplicative structure is evidently trivial for k = 3). 
The tensor products in flTT)) rehects part of the structure, but this does not account for products of 
elements in a given Mj. Namely, although a product is trivial at the level of the spectral 

sequence, it is usually non-zero at the cohomology level, and we need to give its expression in terms 
of the additive basis. As already noted, we will determine in full detail such expression only in the 
representative case of the relation fixing the typo in [38l Theorem 1.1]. Namely: 

Proposition 4.11. Let 0<j<i<r<k. Then ArjAr-i = {—l)'^{Ajfi + Aifl — Ai-j){Ar-i — Ar^j). 

Proposition 14. Ill follows immediately from Lemmas 14.121 and 14.131 below using ([7]) with {r,i,j) = 
(3,2,1). 
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Lemma 4.12. Let 0<j<i<r<k. The map TTr^ij : Confz 2 (K"^ — 0, A; — 1) —)• Confz 2 (IR" — 0, 3) 
given by , Xk-i) = {xj, Xi, Xr) satisfies 


K,i,ji^i,o) 

- 

K,i,ji^2,o) 

— A,0) 

K,i,ji^2,l) 

— 4 • . 

K,iji^2-l) 

— A- • 

K,i,ji^3,o) 

= ^r,0) 

K,i,ji^3,l) 

— A . 

■^r,j 1 

K,i,ji^3,2) 

— A ■ 

— 

K,i,ji^3-l) 

— A 

— -^r,—j/? 

^r,i,i(^3,-2) 

— A 


Lemma 4.13. The map a : Confz 2 (IR"' — {0},3) —> Conf(M",3) given by a{x,y,z) = {x,Ty,z) 
satisfies a*{A'^ 2 ) — ^ 3 ,- 2 ? ci*(^ 3 ,i) = ^3,i) + ^ 2,0 ~ ^ 2 ,- 1 )- 

All equalities in Lemmas 14.121 and 14.131 follow from the definitions, except for the formula 
®*(^ 2 ,i) = + ^ 2,0 ~ ^ 2 ,- 1 ) which follows from Lemma Wl\ and: 

Lemma 4.14. Fort) < |j| < i < 4, let dij stand for the degree of the composition P 2 lafij : —>■ 

5'"'“^. Then dij = 0 except for di^o = ^ 2,0 = (“I)” o,nd ^ 2,-1 = (—l)"'"*'^. 

Proof. A straightforward calculation gives 


(15) 

P2,i(^fi,oA) 

= N{^-x) 

= -N{^+x), 


(16) 

P2,l(^f2fi{x) 

= N{—2x — e) 

= —N{2x + e), 


(17) 

P2,i«/2,i(a^) 

iV(r(e +|)-e). 



(18) 

P2,l(^f2,-l{x) 

= N{T{-e + ^)-e) 

= -Ni-e + ^ + \\ 

^Il2 N 

-e + jll e). 

(19) 

P2,l«/3,o(j^) 

= P2,l(^f3,l{^) 

= P2,l«/3,2((r) 




= P2,l(^f3,-l{x) 

= P2,1«/3,-2(t), 


where N 

: M” - {0} — 

>8'^ ^ is the normalization map and, as in flT^. e = (1, 0,. 

,.., 0) e M”. The 


maps in flT^ and flTdl) are obviously homotopic to the antipodal map so that di Q = ^ 2,0 = 

On the other hand, ^ 2,1 = 0 since the map in ffT7|) is homotopic to the constant map. Actually, 
P2 iCi/ 2,1 is not a surjective map: e is not in the image because e is not enclosed by the image of 
T(e + |). All the maps in flT^ are obviously constant, so the corresponding degrees d^j are trivial. 
Lastly and most interesting is the identihcation of the degree of the map in ffTSj) . the bulk of this 
proof. 

Let F : M X M" — > M"" be the map given by F(t, (ti,t2, ■ ■ ■ An)) = (tti,t2, ■ ■ ■ An)- Note that 
F(l, x) = X and F(—1, x) is x reflected across the hyperplane F = 0. As a map —> S^~^, ([T5|) 

becomes 


-iV ( -e + I + 


-e + 


X 


X 


= -] + {-! + 


-e + 


X 


X 


^ -N{F[-1,-] + {-! + 


—6 "t“ 


X 
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The homotopy is given by 


-N 




+ 




for t e [— 1 , 1 ], 


and we next check it is well dehned: Suppose there exist t G [—1,1] and x = {ti,... ,tn) G 5'”'“^ 
such that F(t, |) + (—1 + ||—e + f P)e = 0. Then F(t, |) = (1 — ||—e + f ||^)e and so we have 
^ = 1 — ||—e + IIP and = 0 for i > 1. The latter condition, in turn, implies ti = ±1. 


If ti = 1 , then I = 1 — ||— e + IIP = 1 — || —||P = |, so t = | > 1 . 

If ti = — 1 , then — I = 1 — ||—e — ||P = 1 — || — yII^ = so t = | > 1 . 
Both assumptions lead to a contradiction, so the homotopy is well dehned. 
Next we prove that, as maps —>■ S^~^, 


-N 






-N (^F 



This time the homotopy is 


-N 




-e + 


X 

2 



for t G [0,1], 


which is well dehned: Suppose T"(—1, |) +t(—1+ ||—e + f |P)e = 0 for some x = (ti,... ,t„) G S'"" ^ 
and some t G [0,1]. Then F{—1, |) = t{l — ||— e + f |P)e and so we have —^ = t{l — \\—e + ||p) 
and ti = 0 for i > 1. The latter condition, in turn, implies ti = ±1. 

If ti = 1, then —I = t{l — \\—e + ||p) = t{l — || — ||p) = t|, so t = —| < 0. 

If ti = — 1 , then I = f(l — ||—e — ||p) = f(l — || —yIP) = —so t = —| < 0 . 

Both assumptions lead to a contradiction, so the homotopy is well dehned. We conclude 

pLa/2.-iW 22 -N (f (- 1 ,|)) = -N(F(--i,x)) 

which is clearly a map of degree (—□ 


5. The cohomology of Confz2(5'"-, fc) 

In this section we review the third named author’s work in Sections 4 and 5 of [38] where the 
cohomology algebra H*{Confz 2 {S"',k)]R) is computed for n > 2. There is nothing to correct this 
time, so we omit proof details. Yet, the global picture is reviewed in enough detail so to be in 
position of extending the computation for n > 2. This section’s strategy is rather straightforward, 
and has been described in a fairly detailed way in Section [3l We therefore get into business right 
away. 

Xicotencatl’s method is to look at the Serre spectral sequence associated to the hbration in (I 6 |) 
which, in the current notation, takes the form 

( 20 ) Conf Z 2 (M" - { 0 }, fc - 1 ) ^ Conf Z 2 {S^, k) S^. 

Since n > 2, is simply connected, so the corresponding system of local coefficients is trivial. 
Also, S'” has torsion-free cohomology, so that the spectral sequence starts with 

Em ^ iy«(Confz2(M” - {0}, k - 1); R)) ^ R) ® - {0}, k - 1); R). 














COHOMOLOGY OF CONFIGURATIONS ON PROJECTIVE SPACES 


17 


For n odd, a nowhere vanishing vector field on S'" easily yields a section for (1201) . consequently the 
spectral sequence collapses (cf. [221 Proposition 13] and [Ml Proposition 4.1]), and we have: 

Theorem 5.1 ([221 Proposition 14], [Ml Proposition 5.2(a)]). For n > 2 odd, there is an R-algebra 
isomorphism H*{Coni, k); R) = R) ® if*(Confz 2 (IP” — {0}, k — 1); R). 

Remark 5.2. Part of the assertion in Theorem 15.11 is. of course, that the multiplicative structure 
in Eoo = E 2 , which is the tensor product of the multiplicative structures for the base and fiber, 
gives the multiplicative structure of H*{Confz 2 {S"‘,k)-,R). Such a fact can be seen by sparseness. 
Namely, by Lemma the non-zero groups in the spectral sequence are located in spots indicated 
by bullets in the picture 



Here slanted lines indicate families of groups in a fixed total degree (i.e. slope —1). But since n > 3, 
we see n — l<n<2n — 2 < 2 ? 7 , — l<3n — 3 < 3 ? 7 , — 2<4n — 4<---,so that there is a single 
non-trivial group in each slanted line. Consequently, a product that is trivial in the E^o term, has 
to be trivial also in the cohomology of the total space. 

For n even, the only family of possibly non-trivial differentials —)■ 

is determined by dn{Aij) = 2 t„ for all Atj G A (cf. [221 Proposition 13] and [Ml Proposition 4.1]). 
In particular, if the characteristic of R is 2, the conclusion of (and argument for) Theorem 15. II holds 
also for any even n, yielding the output in item 1 of Theorem 12.71 (but the sparseness argument 
given in Remark 15.21 for the multiplicative structure does not apply when n = 2; instead we use the 
argument based on Brown representability given in the proof of Theorem 15.31 below). 

We close the section with a description of the i?-cohomology algebra of k) for n even 

under the additional hypothesis that the characteristic of R is either zero (e.g. i? = Z or R = Q) 
or an odd integer (e.g. R = Z^, odd t), so that the map R ^ R given by multiplication by 2 is 
injective. Both hypothesis, on n and on R, will be in force throughout the rest of this section. 

It will be convenient to make a change of basis by defining Rj = Aij — Ai^q, for \j\ < i < k, and 

( 21 ) B = {Bij \ \j\ < i < k and 1 < i}. 

A straightforward computation shows that a product of two given elements in B satisfies the exact 
same relation holding for the product of the corresponding two elements in A (keeping in mind 
that, by definition, Bi q = 0). For instance, the case i = 1 in the first relation in item (b) of 
Theorem 14.51 becomes i?r,o-Sr,i = 0 for 1 < r < fc. Let us denote by J the resulting set of relations 
among the BijA. In particular, it is clear that, starting with the basis described in Theorem 14.51 
namely the monomials Ai^j^ ■ ■ ■ Ai^j^ which are ordered in the sense that ie < iii whenever £ < £', 
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a new basis for H*{Coni — {0}, k — 1); R) is obtained by replacing each factor Ajj with z > 1 
by the corresponding Bi j (but factors Ai^ remain unchanged). There result two types of new basis 
elements depending on whether or not Ai^ appears in the monomial. It is also clear from the 
hypothesis on the characteristic of R, and from the fact that the differential dn sends every Aij to 
2Ln that, in the new basis, monomials not including Ai^ as a factor are permanent cycles in the 
spectral squence, whereas the rest of the new basis elements inject under dn onto 2z„ • B where B is 
multiplicatively generated by B. This situation is best organized as follows: Let K = her the 

(free) i?-module with basis B, and let K-^ denote the i?-module generated by products of j factors 
in K, where K° and are set to be R and 0 respectively. Then a basis for KP is given by the 
elements of degree j{n — 1) in the above modihed basis for iL*(Confz 2 (R"' — {0}, k — 1); R) which 
do not contain the factor he. by the ordered monomials in the B's with j factors. Note in 
particular that = 0. 

It is then clear that the only non-trivial terms in the {n + l)-stage of the spectral sequence are 
given by 

^Mn-i) foT0<j <k- 2; 

^nj(n-i) ^ for 0 < j < fc - 1; 

where (—)2 denotes the mod 2 reduction of the given module (that is, tensoring with Z 2 ). The 
spectral sequence obviously collapses from this point on and, since the groups are i?-free, there 
are no extension problems when assembling the cohomology of Conf^^ out of Lastly, just as 
in Remark 15.21 sparseness implies that, for n > 2, the multiplicative structure of the cohomology 
of the total space agrees with that in the T^oo-term of the spectral sequence. We thus get the n > 2 
case of: 

Theorem 5.3. Assume that the characteristic of R is either zero or an odd integer. For even n>2 
there is an isomorphism of graded R-algebras 

//*(Confz 2 (R’", k)-R) = R[B]/J ® A(A, a;)/(2A, Aw) 

where A and oj are represented in the spectral seguence by in and respectively (thus the degrees 

of A and w are n and 2n — 1 respectively). 

Proof. It only remains to argue the assertion about the multiplicative structure when n = 2. (The 
issue is mentioned without an explanation by Feichtner and Ziegler on the hrst half of page 100 in 
[22]. 1 So, assuming n = 2, we have to show that the square of any Bij is still zero as a class in the 
cohomology of the total space. In other words, we have to argue the impossibility that 

(22) some element BF is represented in the spectral sequence by the (non-trivial!) class of 12 - 

(Note that such a possibility cannot be overruled just by anticommutativity: Since each Rjj is a 
1-dimensional class, the equality 2BF = 0 holds even in the cohomology of the total space. But of 
course we know 2l2 = 0 in the cohomology of the total space.) The fact that does not hold 
comes from Brown representability when the coefficients are Z. That is, 1-dimensional cohomology 
classes with coefficients in Z are spherical, and so their squares are forced to be trivial. For other 
coefficients R the assertion holds since the dehnition of the classes Bij is natural with respect to 
the canonical ring morphism Z —)■ R. □ 
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Note that R[B]/J = , a basis of which has already been described. In the E^o term 

of the spectral sequence, this i?-subalgebra corresponds to the left hand side tower supported by 1. 
Besides, two additional “copies” of this tower show up: one copy (tensored with Z 2 ) is supported 
by A, and a second copy (shifted one level up) is supported by ca, as shown in Figured! 


(fc- l)(n- 1) ,, 
{k — 2)(n — 1) (I 


2(n- l)u 


n — 1 11 


» 

1 


(i( I 


o* to 


Figure 1. iJ*(Confz 2 (*S'”, fc); i?) for even n. 


Remark 5.4. The additive version of Theorem 15.31 is obtained in |3Hl Theorem 5.2, items (b) 
and (c)] assuming implicitly n > 2. On the other hand, for n > 2, the multiplicative relations 
among generators in Theorems 14.51 and 15.31 findirectlv) correct those found in [221 Propositions 11 
and 16, and Theorem 17]. In fact, the multiplicative relations described by Feichtner and Ziegler 
in |22l Proposition 11] for their generators in the cohomology of Confz 2 (lP"' — {0}, k — 1)) lead to 
inconsistencies. We illustrate the problem using Feichtner-Ziegler’s notation, which the reader is 
assumed to be familiar with. (In particular, the notation for the hber in (1201) will momentarily 
change to \ {0}, n)). Take 1 < i < j < n, and let k be odd (so that the generators q, cfj, c~j 

are even dimensional and, therefore, commute without introducing signs). Then Lemma 7 and 
Proposition 11 in [22] imply 


^iAj + + A = 0 = ^‘( 0 ) = AAj + Atj + A) = ^iAj - Atj + A- 

This yields CicE + = 0, if we work with integral coefficients. However the latter relation 

contradicts the second item in Proposition 8 of 


6. (Z2)*'-action 

As in previous sections, R stands for a commutative ring with unit. Let (Z 2 )^ = (ei, € 2 ,..., e^) 
where Cj is the generator in the i-th. coordinate, and recall the coordinate-wise (Z 2 )^-action ([3|) on 
Confz 2 (*S'"', k). By abuse of notation we also use the notations 

Q : Confz,(F”,A;) ^ CoYii, k) and q : Fr*(Confz,(5”, A:); R) ^ ,k)] R) 

for the corresponding induced maps. A formula for the resulting (Z 2 )*^-action on the cohomology 
ring i7*(Confz2(*S'"', fc); i?) was stated for A: < 3 in [38l Tables 1 and 2] with most details omitted. 
Here we generalize Xicotencatl’s result for all k, providing full details, and correcting his description 
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for k = 3. The task will be attained by working, once again, with the Serre spectral sequence of 
(1201) . In short, we determine the action of each Cj on the cohomology of the total space of fl2U]) by 
first understanding its action on the cohomology of the base and the fiber spaces. 

The fact that (^ 2 )^ acts on the cohomology of the base and fiber of fl20D (and, for that matter, on 
the corresponding spectral sequence) deserves some explanation. The situation for e* with i > 1 is 
elementary as, then, e*: Confz 2 (*S'"', k) —)■ Confz 2 (S'"', k) lies over the identity on and so preserves 
all the fibers in fl20|) . By abuse of notation we also write e* for the identity on S'”, for any of the 
restricted maps to fibers, as well as for any of the corresponding induced maps in cohomology. In 
fact, by functoriality, 6^: Confz 2 (S'”, k) —>■ Confz 2 (S'”, k) determines a Z 2 -action, also referred to as 
Cj, on the whole spectral sequence of fl2U]) . For instance, as observed above, this spectral sequence 
Z 2 -action is the identity on classes coming from the base space. The important fact to note is 
that, again by functoriality, the Cj-action on the spectral sequence converges to the Cj-action on the 
cohomology of the total space. 

The above simple situation does not hold for ei, and we next review the way this issue is dealt 
with in [38l Section 6]. Start by noticing that ei covers the antipodal map. Consider the rotation 


that interchanges the north and south poles N = (0,..., 0,1) and S = (0,..., 0, —1) G S'”. The 
restriction of R to S'” is Z 2 -equivariant and it is Z 2 -equivariantly isotopic to the identity. Therefore 
it induces a map : Confz 2 (S”,fc) —> Confz 2 (S'”, fc) homotopic to the identity htting in the 
commutative diagram 


R^^oei 


Conf Z 2 (S”, k) ConfZ 2 k) 


gn 


-R 


5 ”. 


Since —R hxes the north pole N, R^^oei restricts to a self map e[ on the corresponding hber. Then 
we are in a situation similar to the one in the previous paragraph. Namely, R^^oei : Conf ^2 (S'”, k) —>■ 
Confz 2 (S'”, A;) induces a self map of the spectral sequence of (1^ which, at the level of the base 
space is induced by —R and, at the level of the fiber space is induced by e'^. As above, funtoriality 
implies that this self map of spectral sequences converges to the self map induced by R^^ o ei. 
But the latter self map is simply the one induced by ei: Confz2(S'”, fc) —)■ Confz2(S'”, A;), as R^^ 
is homotopic to the identity. Consequently, the action of ei on the cohomology of the total space 
of (120|) can be traced back in the spectral sequence via the actions of e'^ on the cohomology of the 
fiber, and of —R on the cohomology of the base space of fl2U]) . By (the now standard) abuse of 
notation, we will use the notation ei for the above two Z 2 -actions on the cohomologies of the base 
and fiber spaces of fl2CT]) . and for the spectral sequence Z 2 -action described in this paragraph. 

Note that e'^ —i.e. o ei restricted to the fiber Conf ^2 (S'” — {±a}, k — 1)—is given by 

An easy check shows that, after removing the poles and taking into account the stereographic 
projection, the map R induces the map i? : M” — {0} — )■ M” — {0} given by R{x) = x / ||xp where 
X = (ti, ..., tn-i, —tn) for X = (Ai ,... ,tn)- Tlius, in terms of the homeomorphism explained at the 
end of Remark [4.31 the self map : Confz 2 (K"' — {0}, A; — 1) ^ Confz 2 (IR"' — {0}, A; — 1) takes the 
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form 

e\{xi,.. .,Xk-i) = (-R(xi),. . .,R{xk-i)) 

which, by (a hnal) abuse of notation, we denote by ei from now on. Likewise, from the comments 
at the beginning of Remark 14.31 we see that, for 2 < i < k, the restricted map Cj: Confg 2 (IR" — 
{0}, fc — 1) —)■ Conf 22 (R"' — {0}, /c — 1) is given by 

■ ■ ■ 1 ^k—l) (j'lj ■ ■ ■ 1 ^i—2i FJ'i—1) J'i+lj ■ ■ ■ i 

For future reference we record the following immediate consequence of the discussion above: 


Corollary 6.1. Let 1 < i < k. The spectral sequence 7j2-action e* is trivial on the cohomology of 
the base space of unless i = 1 in which case it is multiplication by (—1)"+^. 


Our fully novel work starts at this point. As a hrst step we state our cohomo logical description 
of the several topological (Z 2 )^-actions settled above. Proofs appear later in the section. 


Theorem 6.2. Torn > 2, the {T. 2 )^-action on iL*(Confz 2 ( 


{0}, k — 1);R) is given by 


(23) 




(—I)"" ^Ajfi — Ai^Q + Ajj, 

if Z = 1, j > 0; 

+ 

0 ^ 

1 

0 ^ 

1 

A 

0 


. 

IV 

A ■ ■ 

if ^ > 1, b'l = ^ -1; 

(-l)"A,o, 

V 

. 

1 

0 

(—l)"'Aj^o + (“!)"■ A ,0 + (“1)" 

if Z > 2, z = Z — 1, j > 0 

^|j|,o + (“l)"'Aj^o + (“1)” 

if Z > 2, z = Z — 1, j < 0 

A ■ ■ 

otherwise. 


Theorem 6.3. For n >2 even, the {'^ 2 )^-action on the permanent cycles K* C iL*(Confz 2 (R"' — 
{0}, k — 1); R) is given by 


(24) 


^iBij 


B\j\,o Bifi + Bij, 
~Bio, 

Bi-ji 

B\j\fl F Bi Q Bi^—j, 

Bi,j 1 


if 1 = 1, \j\ > 0; 

if / = 1, j = 0, z > 1; 

if ^ > 1, b'l = ^ -1; 

if / > 2, -i = Z — 1, |j| > 0; 
otherwise. 


Note that Bi^o = 0 in fl24)) . and that the formulas in fl24|) agree with those in fl23|l for n even and 
replacing each A with B. 

Corollary 6.4. Forn > 2 odd, the action o/(Z 2 )^ on 

H*{Confz^{S^, fc); R) = R) ® H*{Confz,{W" - {0}, k - 1)] R) = A{in) ® R[A]/I 

is the tensor product of the corresponding actions on each factor of the tensor product. 


Corollary 6.5. Assume that the characteristic of R is either zero or an odd integer. For n > 2 
even, the action of {^ 2 )^ on 

H*{Confz,{S'^, ky,R)^ R[B]/J (g) A(A, a;)/(2A, Aw) 
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is determined by 




—A, if / = 1 ; 
A, if / > 1 , 


ei{u) = cu, V / > 1, 

and the fact that it restricts to the action of (^2)^ on B stated in Theorem \6.3[ 

As explained in the discussion preparing the grounds for this section, the use of the Serre spectral 
sequence of (l20l) . Corollary 16.11 and Theorems 16.21 and 16.31 yield Corollaries 16.41 and 16.51 Indeed, the 
asserted (Z2) ^-action on cohomology classes of the total space coming from the base space follows 
from standard considerations with the edge morphisms. On the other hand, since in total dimension 
n — 1 the spectral sequence is concentrated in the “fiber axis” (see the chart in Remark 15.21) , it 
follows that the (Z2) ^-action on cohomology classes of the total space mapping (non-triyially) to 
the fiber can be read from the corresponding action on their images. 

In addition. Theorem 16.31 is a straightforward consequence (whose yerification is left to the reader) 
of the definitions and Theorem 16.21 So, the only remaining fact to proye in this section is Theo¬ 
rem 16.21 The case fc = 2 in Theorem 16.21 is elementary; we next proye that the case k > 3 follows 
from the case k = 3. 

Proposition 6.6. The formula in for k > 3 is a formal conseguence of the corresponding 
formula for k = 3. 

Proof. The maps : Conf 22 (R"' — {0}, fc — 1) —)■ Confz 2 (IR" — {0}, 2) giyen by 7rjj(xi,..., x^-i) = 
{xj,Xi) (for 0 < j < i < k) can be used to “import” the (Z 2 )*^-action on Confz 2 (R” — {0}, k — 1) 
from the (Z 2 )^-action on Conf 22 (R”' — {0},2) because of the following two easily-checked facts: 
Firstly, ti*^ sends Ai,o, ^ 2,01 ^ 2 , 1 , and A 2-1 respectiyely to and Ai_j. Secondly, for 

1 < £ < k, TTjj hts in the commutatiye diagram 


where 


Conf 5 


e{x,y) = 


- 1 ) — 

Conf Z 2 (R” - 

2 )-^ 

Conf Z 2 (R" 

'^3{x,y), 

Hi=£-- 

(^2{x,y), 

iij = £- 

^i{x,y), 

if £ = 1 ; 

Sx,y), 

otherwise. 


□ 
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The rest of this section is devoted to proving Theorem 16.21 in the remaining case k = 3, i.e. to 
the proof of the following set of equalities: 


(25) 

6124i,o 

— ~24i,o. 

(26) 

61^42,0 

0 

1 

(27) 

61^42,1 

= ( — 1)" ^y4i,0 — ^2,0 + 242,1, 

(28) 

61^2,-1 

= —24i,o — ^42,0 + 242,-1, 

(29) 

62^41,0 

= (—1)"24i,o, 

(30) 

62^42,0 

to 

0 

(31) 

62^42,1 

= 242,-1, 

(32) 

62242,-1 

= 242,1, 

(33) 

6324i,o 

= 24i,o, 

(34) 

63242,0 

= (—1)”742,o, 

(35) 

63242,1 

= (-1)"24i,o + (-1)M2,o + (-1)"-'242,-i 

(36) 

63242,-1 

= 24i,o + ( —1)”A2,0 + (~1)"^ ^242,1. 


Remark 6.7. The above description corrects the action reported in [38l Table 2], 

The proof strategy for the set of relations in fl25l) - fl36ll is similar to that in the proof of Lemma fd.ldl 
Recall the maps pij and fr,s introduced in ([ 8 ]) and ([12]). By abuse of notation, for |j| < i < 2, we will 
denote by fij the composition 712,1 fij ■ —> Confz 2 (ffi'^ — {0}, 2). It is easy to check that these 

maps, together with the corresponding maps Pr,s, detect the generators for Conf 22 (R”' — { 0 }, 2 ) in 
the sense of Lemma ITTH Then, in order to prove the above set of relations, we only need to compute 
the degree of the compositions 

Confz2(M” - {0}, 2) Confz2(M" - {0}, 2) 
for 1 < £ < 3, IjI < i <2, and |s| < r < 2. 

Proof of relations We start by computing the action of ei, i.e. relations (12^ -(I28 |) . 

( 1 ) We have 

Pi,oei/i,o(j^) = X, Pi,oeif2fl{x) = e, Pi,oeif2,i{x) = e, ^1,061/2,-1(2^) = e. 

The first map is a reflection and the rest are constant maps, therefore 

deg(pi,061/1,0) = - 1 , deg(pi,o6i/2,o) = 0, deg(pi,o6i/2,i) = 0, deg(pi,o6i/2,_i) = 0. 

Thus, 6iy4i,o = -Ago- 

(2) 61 ^ 42 , 0 : Clearly, ^ 2 , 061 / 1 , 0 ( 2 ^) = ^(f); which implies deg(p 2 ,o 6 i/i,o) = 0. On the other hand, 
note that N{R{y)) = N{y) for all 1 / G M” — {0}, therefore 

^2,061/2,0(2;) = N { x ) = X , 

^2,061/2,1(2;) = 7 V(R(e + f)) = iV(e + f), 

^ 2 , 061 / 2 ,- 1 ( 2 ;) = A^(i?(—e + |)) = iV(—e + |); 
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The second and third maps are not surjective, therefore we have 


deg(p2,oei/2,o) = -1, deg(p2,oei/2,i) = 0, deg(p2,oei/2,-i) = 0. 


Thus 61^42,0 = -^2,0- 
( 3 ) 61^42,i: We have 

P 2 ,161/1,0(2:) = N{l-x) = -N{x-l) ~ -X, 

therefore deg(p2,161/1,0) = (“ 1 )"'~^- We also have 

122 , 161 / 2 , 0 ( 2 :) = N{2x-e) = A^(x-§), 

so deg(p2,161/2,0) = — 1 - Further, in terms of the (already used) homotopy F given by 
F(t, (fi, ..., tn)) = (tti, t2,..., tn), we have 


^ 2 , 161 / 2 , 1 ( 2 :) = N[R[e+-]-e 


X 


= N{e + 


(37) 

(38) 


~ N { e + 


F{l,x) _ 
2 

F(-l,x) 


X 

"+2 


6 H— 


X 2 


~ N 


F{-l,x) 


The homotopy in fl57)) is given by A^(e + _ ||e -|- |||2e) with t e [—1,1]. As before, 

we have to check that this homotopy is well defined: Suppose there exist t G [—1,1] and 
X = {ti,... ,tn) G *5'"'”^ such that F{t, |) + (1—||e+||p)e = 0. Then F{t, |) = (—l+||e+|p)e 
and so we have ^ = —1 + ||e + ||p and = 0 for z > 1. This, in turn, implies ti = ±1. 

If ti = 1, then I = -1 + ||e + ||p = -1 + ||ylP = |, so t = | > 1. 

If ti = —1, then —I = —1 + ||e — |||^ = —1 + ||||p = —|, so t = | > 1. 

Both assumptions lead to a contradiction, so the homotopy is well dehned. The homotopy 
in ([38D is +t(l - ||e+||p)e) with t G [0,1]. Let us verify that this homotopy is well 

defined: Suppose there exist t G [0,1] and x = (ti,... ,tn) G S"‘~^ such that _ 

||e + |||2)e = 0. Then = t{-l + ||e + f l^e and so we have = t{-l + ||e + f IH 

and ti = 0 for i > 1. This, in turn, implies ti = ±1. 

If ti = 1, then —i = t(—1 + ||e + ||p) = t{—l + ||ylP) = t|, so t = —| < 0. 

If ti = — 1 , then I = t(—1 + ||e — ||p) = + ||||p) = — 1 |, so t = —| < 0 . 

Both assumptions lead to a contradiction, consequently the homotopy is well defined. There¬ 
fore ^ 2 , 161 / 2,1 is homotopic to a composition of two reflections. Thus 

deg(p2,i6i/2,i) = 1- 
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Lastly, since e is not enclosed by the image of i?(—e+|), we see that the map P 2 , 1 ^ 1 / 2 ,-i(x) = 
N{R{—e + |) — e) is not surjective. Therefore 

deg(p2,iei/2- 1 ) = 0, 

and we conclude that 61^42 ,1 = (—0 — ^ 2,0 + ^ 2 , 1 - 
(4) 61^42,_i: We clearly have 

P 2 -ieifi,o{x) = N{^-t{x)) = N{x + ^) ~ X 

and 

P 2 -Rif 2 ,o{x) = N{2x + e) = N{x +1) ~ x. 

Therefore 

deg(p2-iei/2,0) = deg(p2-iei/1,0) = - 1 - 

On the other hand, since —e is not enclosed by the image of R{e + |), P 2 ,-iei/ 2 ,i(j^) = 
N{R{e + |) + e) is not surjective. Therefore 

deg(p2-iei/2,1) = 0 . 


Lastly, 

P2,-ieif2,-i{x) = N{R{-e+^) + e) ~ iV(-e + + ||-e + ffe) 

where the hrst homotopy is given by N{—e + _|_ ||_e _|_ |||2e) with t G [—1,1], and the 

second one by N (+ t{—l + ||—e + flHe), with t G [0,1]. We can show that these 
homotopies are well dehned in a similar fashion to the previous case. Therefore, 


deg(p 2 - 161 / 2 - 1 ) = 1 , 

And we conclude that € 1 ^ 2 ,_i = —Ai^q — ^ 2,0 + ^ 2 ,- 1 - 
The analysis for 62 and €3 below is entirely analogous to the computation of the action of ei 
that we just have done in full detail. Therefore we will just record the results of the computations, 
without writing out details. 

Next we consider € 2 , i.e. relations fl2^ -(l3 ^ . 

(1) 62 ^ 1^0 : We have 

Pi,062/1,0(3^) = - X , Pi,062/2,0(a;) = -e, Pi,o62/2,i(a:) = -e. Pi,062/2,-1 (a:) = -e, 
therefore 


deg(pi,062/1,0) = (-1)”, deg(pi,062/2,0) = 0, deg(pi,062/2,1) = 0, deg(pi,062/2,-1) = 0. 

Thus, 62^1,0 = (-l)”Ai,o. 

( 2 ) 62^2,0 : We have 

P 2 ,o 62 /i,o(a;) = e, 

P 2 , 0 ^ 2 / 2 , o{x) = A^(f) = X, 

P 2 ,o 62 / 2 ,i(a:) = A^(e + f) ~ 0, 

P2,062/2,-1 (a:) = A^(-e + f) ~ 0; 
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therefore 


deg(p2,0^2/1,o) = 0, deg(p2,0^2/2,0) = 1, deg(p2,oe2/2,i) = 0, deg(p2,062/2,-1) = 0. 

Thus, €2^2,0 = ^2,0- 
( 3 ) €2^2,1 : We have 


^2,162/1,0(3:) = N{ 2 e + x) ~ 0 , 

^2,162/2, 0(3:) = A^(f + e) ~ 0, 

^2,162/2,1(3:) = A^(e + f + e) ~ 0 , 

„ ^ £ ( ^\ _ AT ( ^ \ X \ ^\ _ A 7 


^2,162/2, -1(3:) = A 7 (-e + f + e) = A 7 (|) 


x; 


therefore 


deg(p2,i62/i,o) = 0 , deg(p2,i62/2,o) = 0 , deg(p2,162/2,1) = 0 , deg(p2,162/2,-1) = 1 - 
Thus €2^2,1 = ^2,-1- 

( 4 ) €2^2,-! : Note that = identity. Application of the previous case yields 62^2,-! = ^2,1. 
Lastly, we consider €3, i.e. relations ( 13 ^ -( 136 | 1 . 

( 1 ) esAi^o : We have 

Pi, 063/1,0(3:) = X, ^1,063/2,0(3:) = e, pi, 063/2,1(3:) = e, pi, 063/2, -i(x) = e; 


therefore 


deg(pi,063/1,0) = 1, deg(pi,063/2,0) = 0, deg(pi,o63/2,i) = 0 , deg(pi,o63/2,-i) = 0 . 

Thus, 63^1,0 = Ai,o. 

( 2 ) 63^2,0 : We have 


P 2 ,o 63 /i,o( 3 :) = A 7 (-|), 

P2,o63/2,o( 3:) = A^(r(f)) = -x, 

P2,o63/2,i(3:) = A 7 (r(e + f)) ~ 0 , 

P2,o63/2,-i(3:) = W(r(-e + f)) ~ 0 ; 


therefore 


deg(p 2 ,o 63 /i,o) = 0 , deg(p2,o63/2,o) = (- 1 )”, 


deg(p2,o63/2,i) = 0, deg(p2,o63/2,-i) = 0. 

Thus, 63^2,0 = (—1)"'A2 ,o. 

( 3 ) 63^2,1 : We have 


P2,i63/i,o(3:) = A 7 (-|-x) = -A^(|+x) ~ -X, 

P2,i63/2,o(3:) = N{- 2 x-e) = -N{ 2 x + e) ~ -x, 

I ^ n 


P2,i63/2,i(3:) = A^(r(e + f)-e) ~ 0 , 


therefore 


deg(p2,i63/i,o) = (-1)”, deg(p2,i63/2,o) = (-1)", deg(p2,l63/2,l) = 0. 


On the other hand. 



N{e + 
-F(-l,x), 




2 
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where the hrst homotopy is given by N{e + — ||—e + ||pe) with t G [—1,1], and the 

second one is given by + t{l — |1—e + f |P)e), with t G [0,1]. Therefore 

deg(p2,163/2,-1) = (-1)”"^- 

And we conclude 63 ^ 2,1 = (-l)”Ai,o + (-l)"'A 2 ,o + (-l)"'“M 2 ,-i. 

(4) 63 ^ 2-1 : Note that 63 = identity. By our previous computations, 

^2,1 = 63(63^2,1) = e3 ((—^^2,-1) 

= (—l)"’Ai^o + ^2,0 + (“!)"' ^63^2,-i- 

Therefore £ 3 ^ 2,-1 = Ai,o + (-l)’^A 2 ,o + (-l)"“M 2 ,i- 
This hnishes the verihcation of relations fl25|) - fl36|l . □ 

Remark 6 . 8 . Theorem 16.21 corrects [2^ Lemma 7]. The situation is closely related to our dis¬ 
cussion, in Remark 15.41 of the existence of inconsistencies in Feichtner-Ziegler’s determination of a 
presentation for the cohomology ring of the fiber and base spaces in fl 2 Up . As described next, the 
problem can be traced back to the description in [2^ Lemma 7(iv)] of the action of the various e* on 
cohomology rings. To simplify the explanation, once again we adopt momentarily Feichtner-Ziegler’s 
notation in [22]— which the reader is assumed to be familiar with. The proof of Lemma 7(iv) in 
[ 22 ] is based on the asserted equality (A 2 o Ai)*(c^ 2 ) = whose proof, in turn, is reduced 

to showing that the obvious map 

(39) A 2 o Ai: M{{Uu U 2 , U+ 2 }) ^ M{{Ui, U 2 , U+ 2 }) 
satisfies 

(40) (A 2 o A3 )*(ci^ 2) = (~l)*^Ci_2. 

(Note that (152]) is not to be understood as a composition of maps from A4({t/i, t/ 2 , h^i" 2 }) itself.) 
Feichtner-Ziegler’s argument for fl40|) then proceeds by considering the central sphere S (of radius 
\/ 2 ) in ■*‘f /]^2 \ {0} which retracts from A4({f/i, f/ 2 , ^^ 1 ( 2 }) (with retraction p). It is observed that 

(41) fl39l) restricts on S as the antipodal map 

and, from this, (ITOD is concluded. But such a conclusion cannot hold: The assertion in (ITT|) is right, 
and gives the (strict) commutativity of the diagram 


sc--A1({(7i,C/2,i7+}) 

antipodal A20A1 

sc—1/2. (/+}), 


But fl 40 |) cannot be drawn from this, since the map induced in cohomology by the inclusion S M- 
U2, U^^2}) tas a nontrivial kernel. Indeed, U2, U^^2})) is free of rank 3 , while 

is free of rank 1 . Instead, what would certainly give fl 40 |) is the existence of a commutative 
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diagram (at least up to homotopy) 


A 20 A 1 


S 


antipodal 


A1({(7„(72,(7L}) —S- 


But fHOj) is false according to Theorem 16.21 so that such a diagram is impossible. 


We close the section with a technical result that will be used latter in the paper. Namely, the 
maps ei, € 2 , • • • , : Confz 2 (M”' — { 0 }, k — 1) —>■ Confz 2 (IR"' — { 0 }, k — 1) are related as follows: 


Lemma 6.9. For n odd, ei ~ 62 ••• 6 ^. For n even, ei ~ with h : 'MF — {0} —)■ 

MF — { 0 } given by h{x) = x. 


Proof. Let g, f :'EF — {0} —)■ M"' — {0} be the maps f{x) = ^ and g{x) = —x. We have that 

any T G 0{n) is Z 2 -equivariant (with Z 2 = (e)): 


T{tx) = T 




-Tjx) 

\\T{xW 


= tT{x). 


This, coupled with the injectivity of T, implies that sends orbit conhgurations to orbit 

conhgurations. Therefore are maps of orbit conhgurations spaces. We also have 

that / is injective, and it is also Z 2 -equivariant: 


^ ( pf ) 



Thus is a map between orbit conhgurations spaces. Note that t = gf and R = hf. Therefore 

we have ei = = h^F-i)fRk-i)_ 

For n odd, it is known that there is a homotopy through 0{n) between g and h, so we have 
gX(k-i) ^ ^x(fc-i) maps of orbit conhgurations spaces, therefore 

ei = yx(fc-l) ^ gX{k-l) jx{k-l) ^ .^x(fc-l) ^ 


as maps of orbit conhguration spaces. For n even, there is a homotopy through 0{n) between g 
and the identity. Therefore 

_ ^x(fc-l)yx(fc-l) ^ gX{k-l) jx(A:-l) _ (A:-l)^x(fc-l) _ }iX{k-l)^^ •••£*, 


as maps of orbit conhgurations spaces. 


□ 


Of course. Theorem 16.21 can be used to give a description of the ehect in cohomology of the map 
fiX{k-i). Confz 2 (IR’^ — {0}, fc — 1) —)■ Confz 2 (ffi'^ — {0}, k — 1) that arises in Lemma EH for n even. 
We omit the details as we will not have occasion of using such information. Yet, in the next section 
we will need to describe the behavior of the map on the permanent cycles K* of the previous 

section. 
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7. (Z2)^-INVARIANTS 

We continue with the assumptions that n > 2 and that R denotes a commutative ring with 
unit, but we now assume in addition that 2 is invertible. The reason for the new hypothesis is 
two fold. For one, as explaind in Section [3l the invertibility of 2 implies that the spectral sequence 
associated to the covering projection ^ is concentrated on the fiber axis, thus allowing us to recover 
the cohomology of Conf (MP"', fc) as the (Z 2 )^-invariants of the (Z 2 )^-action on Confz 2 (*S'", fc). In 
addition, the invertibility of 2 is needed in our actual calculation of invariants. Namely, it is not 
difficult to identify critical invariants, and we prove that these are all the invariants using a change 
of basis that requires the invertibility of 2 in an essential way—see (IT2D and below. We do 
not know the full structure of invariants if 2 is not invertible, e.g. if char(i?) = 2. Although such 
a problem could be accessible and interesting, a subtler issue to solve might be to understand the 
corresponding spectral sequence associated to the covering projection fc. Even the determination 
of the E 2 term—the cohomology of Confz 2 (lF"' — {0}, k — 1) with twisted (Z 2 )^-coefficients—could 
be a hard task. 


We start by computing the (Z 2 ) ^-invariants in i7*(Confz2(IP" — {0}, A; — (Theorems 17.31 

and 17.41) assuming n is odd, hypothesis that will be in force until Theorem 17.61 where the invariants 
in i7*(Confz2(*S'"', k)] R) are described for odd n. 

For 0 < i < fc, we let Ci^ stand for A* 0 and, for 0 < j < i < fc, we define (PA = Ajj -|- Ai_j — Aj 0 
and C~j = —Aij + Ai^j — Aj^. For ease of notation, for a positive j we will also use the notation 
Cij and Q to stand respectively for CA and Cu. Put = {CA \1 < j < i < k}, C~ = 

\ ^ A j < i < k}, Co = {Ci,o \l A i < k} and C = C"*" U C“ U Cq. Clearly, C is a basis for 
i7”“^(Confz2(K”' ~ {0}, A: — 1)) with inverse change of basis map given by 


(42) 




^i,—j 


C'+ -fC-. + Qn + a 


Aifi Cj^O) 


for 0 < j < i < A: (the assumption on the invertibility of 2 is needed here). The formulas in fl42|) 
make it clear that H*{Coiafz 2 (MA ~ {0}, k — 1); R) is additively generated by the products 


(43) C'njl ■ ■ ■ 

with \ji\ < ii < k for / = 1,..., r. Our first goal is to show that, in fact, an additive basis is formed 
by such products that satisfy in addition 


(44) ii < ill whenever I < I'. 

Example 7.1. For n > 2 odd, the multiplicative relations among the A,j’s yield 

(45) Cg 203,0 = ~A2,oA3,o + A3,_2A3,o — A3,oA 3,2 = —A2,oA3,_2 -|- A2,oA3,o — A2,oA3,2 = —0^2^12,0 
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SO that 

^43^4,2 = ~^2,0^4,-3 + ^4,-3^4,-2 + ^2,0^4,0 ~ ^4,-2^4,0 ~ ^4,-3^4,2 + ^4,0^4,2 
~^2,0^4,3 + ^4,-2^4,3 ~ ^4,2^4,3 

= ^ 2 , 0 ^ 4,-3 ~ ^ 3 ,- 2 ^ 4,-3 + ^ 3 , 2 ^ 4,-3 ~ ^ 3 ,- 2 ^ 4,-2 + ^ 3 , 0 ^ 4,-2 “ ^ 3 , 2 ^ 4,-2 

— ^2,0^4,0 + ^3,-2^4,2 “ ^3,0^4,2 + ^3,2^4,2 — ^2,0^4,3 + ^3,-2^4,3 ~ ^3,2^4,3 

_ r^— r^— ri— r^+ r^+ r^— 

~ ^ 3 , 2 ^ 4,3 '-^ 4 , 2 '-^ 3,2 ^3, 2 ^ 2,0 '-^ 3 , 2 '-^ 3,0 02 , 0 ^ 4,0 

which, by (gS]), becomes C 4 ^ 3 C ^2 = -C'3T2C'4T3 ~ ^^, 2 ^X 2 “ <^ 2 ,0*^4,o- 

Note that the set of products in fH3|) satisfying is in bijective correspondence with the basis 
described just before Theorem I4.5[ Using Nakayama’s lemma we see that the former set will be 
in fact an additive basis of if*(Confz 2 (R”' — {0}, A: — 1);-R) as long as it additively generates. In 
turn, the latter condition follows directly from the fact that the products satisfying 

the condition fl44|) form an additive basis, from the explicit form of the relations fl42]) expressing the 
Aij^s in terms of the CijA, and from the relations in item 2 of Lemma \T7I\ below—which generalizes 
the calculation illustrated in fITSD . The proof of the lemma is straightforward and left to the reader. 


Lemma 7.2. Forn > 2 odd, the elements of C satisfy the following multiplicative relations: 


For 0<j<i<r<k, 


y, ^ 2 v_y ^ 2 v_-^ y, 2 I v_-^ ^ 2 ' y 

cicF = -cfc- - c+cf - c,na 


r,i r,j 


i,j r,i 


r,] 




r'~ — r'~ r'~ r'~ — n c 

'^r,i'^r,j — ~ + W,0'-^L0- 


For 0 < i < r < k, 


For 0 < j < i < k, 


/^+ ri— 

/^— /^+ 

= 0, 

= 0 , 

- -W,0<-L0- 


The advantage of using C over A to compute invariants becomes apparent when describing the 
action of (^ 2 )^, for a straightforward verihcation yields that, except for the cases in fl46|) and fITTI) 
below, each e/ acts as the identity on the elements of C: 


(46) ezQ^- = -Qj, if i = / - 1 or j = / - 1; 

(47) tiCii^ = if i = / - 1 or / = 1. 

Theorem 7.3. Suppose R is a commutative ring with unit where 2 is invertible. For n>2 odd, the 
{2,2Y-invariants in iL*(Confz 2 (R"' — {0}, k — 1); R) are multiplicatively generated by the set . In 
fact, and additive basis of the invariants is formed by the products ( g3| ) satisfying o and ji > 0 
for I = 1,... ,r. 
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Proof. Let x G — {0}, k — 1); R) be an invariant. We will show that each of the 

basis elements appearing with a nontrivial coefficient in the expression of x as a linear combination 
of the basis of products fH3l) satisfying has no factors belonging to C~ or Cq. Write 

( 48 ) ^ = 

where each coefficient a/ is non-zero and the summation runs over some multi-indices 

^ ((^1) Jl)) • • • ) ifmijrn)) 

such that \ji\ < ii and p < R if I < I'. Note that given our description of the (Z 2 )^-action on C, each 
monomial is sent to a multiple of itself under the action of any element in { 1 ^ 2 )^- 

Since 2 is invertible, this means that each term ji''' ^im jm appearing in (H8ll is invariant. Fix 
I, and consider the corresponding invariant monomial z = Suppose that the set of 

integers i such that we have a factor of the form Cfj in ^ is non-empty, and let zq be the greatest 
element of this set. By applying e^p+i to z we get that —z = = z, which is a contradiction, so 

has no factors belonging to C~. An entirely analogous argument shows that there are no factors 
belonging to Cq in 2 ; either. □ 

Theorem 7.4. Suppose R is a commutative ring with unit where 2 is invertible. For n > 2 odd, 
there is an R-algebra isomorphism 

H*{ConizM'' - {0}, k - 1); = i?[C+]//C, 

where K, is the ideal generated by the elements and — CA(CA — CA) for 0 < j < i < 

r < k. 

Proof. Lemma 17.21 gives an obvious ring map (with domain in i?[C^]//C). This is an isomorphism 
since it sets a bijective correspondence between the basis described in Theorem 17.31 and the usual 
basis in the domain. □ 


Remark 7.5. Note that the second relation in the preceding theorem is identical to the known 
relation ([7]). In particular, the cohomology ring described in Theorem 17.41 is isomorphic to the 
cohomology ring of the standard conhguration space of A; — 1 ordered points in M"". 

Since the canonical projection S'"" —)■ MP"' induces a (^ 2 )*^ covering space Confz 2 (*S'"', A;) 
Conf (MP", A:), Theorem 15.11 the fact that the (Z 2 )^-action on H*{S'^]R) is trivial for odd n, and 
the preceding theorem imply the following result: 


Theorem 7.6. Let R be a commutative ring with unit where 2 is invertible. For n >2 odd, there 
is an isomorphism 

H*{Coni{WP^,k)]R) = H*{Coniz,{S'^,k)-RY^^'>'‘ = A(z„) ® R[C+]//C 

of R-algebras. 


Next goal is to describe all the (Z 2 )^-invariant permanent cycles in K* C iL*(Confz 2 (K”' — 
{0}, A: — iTheorem 17.lip as well as all the (Z 2 )^-invariant elements in iL*(Confz 2 (S'"', A:); i?) 

(Theorem I7.12p for n even, assumption that will be in force throughout the rest of the section. For 
0 < j < z < A: dehne 



B. 




B, 




~ Bifl — Bj o, 


Dij — Bij Bi 




and A,o = Bifl, 
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and, for 0 < |j| < let 



Ati if J > 0; 
AA|, ifJ<0; 


(Recall Bi^q = 0.) Put V = | 0 < j < i < fc} U | 0 < j < i < fc} U {A,o | 1 < * < k}. With 

this notation, the action described in fl2^ implies that, except for the cases in fH9|) - (l5TD below, 
each ei acts as the identity on the elements of T>\ 


(49) 

= 

-At. 

if i 

(50) 

"^ATi = 

-At. 

if J 

(51) 

gA,o = 


if/ 


Clearly, T) forms a basis for K with inverse change of basis given by 


= 


A,i + + A,o 


(52) 


A,-i = 


~ + A,0 + A,0 


Bin — D 




for Q < j < i < k (as in (02]), the assumption on the invertibility of 2 is needed here). We leave to 
the reader the verihcation of the following multiplicative relations among the elements of "D; 


Lemma 7.7. Let R be a commutative ring with unit where 2 is invertible, and suppose n >2 even. 
The elements ofV satisfy the following multiplicative relations: 


For 0<j<i<r<k, 


^r,iBr,j - ~ + Dj^Drfi - Di^Dr 

Df,DF = DF{DF-DF), 

A,iA,i = “A,i A,i + ApA,i- 


For 0 < i < r < k, 


DFDrp = -DiflDF, 

A,iA ,0 = -A,oA,r 


For 0 < j < i < k, 

By repeated applications of 
form 


Wj? = (O-J? = (A,o)" = D*jD-, = 0. 

Lemma im we see that K* is additively generated by products of the 


(53) 
where 

(54) 


D 




■■■D 


Ir-iJr ’ 


ii < if if I < I'. 


The set of these products is in bijective correspondence with the basis consisting of products 
Rjj satisfying condition fl5T|) . and so by Nakayama’s lemma the set of products of the form 

(|53|) satisfying (15T|) is an additive basis of the permanent cycles in i7*(Confz2(K” — {0}, k — 1); R). 
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Remark 7.8. The previous discussion and our description of ei{D^j) in (H^ - (l5T]l easily yield that 
the map in Lemma 3.3 acts on the permanent cycles in K™ as multiplication by (—1)”^. 


Next we dehne elements which are clearly (Z 2 )*^-invariants; in fact we will show in Theorem 17.111 
below that they are multiplicative generators for all (Z 2 ) ^-invariants. For 0<j<i<r</c, 
put ^nd foT 1 < j < i < k, For j > 0, we 

will sometimes write h.Li and IrA.-i instead of and IT . respectively. Accordingly, we will 

0 < j < i < r < fc}, 


sometimes write JT ^ or even 


j "rjij “““ "r,i,j 

Q as a substitute for lijfl- Let = {/T 




£~ = I 0 < j < i < r < /c}, \1 < j < i < k} and £ = £^ VJ£~ VJ £q. We leave to the 

reader the (rather lengthy but straightforward) verihcation of the following result (which we have 
verihed both by hand as well as by computer): 


Lemma 7.9. Let R be a commutative ring with unit where 2 is invertible. Suppose n >2 even. The 

elements of £ satisfy the relations listed below. Relations [3 through 0 express a product 

with 


(55) 0<j<i<r<k, 0<b<a<s<k, 2 <i, 2 < a, and r < s 
as a linear combination of such products satisfying in addition 

(56) r<s and a^{r,i}. 

Those relations are listed according to the several possibilities for the indices r, i,j, s, a, and b when 
they satisfy ( 133]) but not / f3^) . 

(1) r = s 

(a) j ^O^b 

(i) |{l j) U) ^}| =4 (can assume a < i) 


(A) b<a< j: 


^r,i,j^r,a,b 


^j,a,b^r,i,j 


1+ J- 
ij,b r,a,b'> 


^r,i,j^r,a,b ^^hj,b ^i,b,0 


/- /+ = 1 ^ 1 -— /+ /+ 

r,ij r,a,b j^a,b r,i,j i,j,a r,a^b' 


(B) b<j< a: 

^r,i,j^r,a,b ^^a,j,b ^a,j,b ^jPp')^^r,i,a ^r,i,a 

4” ^i,j,bi^r,a,j ^r,a,b) i^ipP ^ipP ^jpp')^r,ap'> 


^r,ip^r,ap ^app^rpp ^ipp^r,api 


^r,ip^r,ap ^app^^rpp ^rpp ^r,i,b) 4” i^ipP ^ipp ^jPfl ^’i'P^o)^r,ap'> 

^r,ip^r,ap ^ipp^^r,ap ^r,a,b) A ^^jPfl Rpp T RpP ^app A ^app') ^r,ip' 
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(C) j < b < a: 


T+ T+ 
r,i,j r,a,b 


^r,i,j^r,a,b 

J- 

^r,i,j-^r,a,b 

J- J+ 

r,i,j^r,a,b 


(^a,b,j ^a,b,j ^a,,j,0 + -^a,b,0 + ^b,j,o) {^r,i,a 


- J+ •) 

■r ,2 J / 

_i_ r- (T+ 

' i,bj\r,aj 

^r,a,b) {^i,b,0 h 

J,o + h,. 

7,o)-^r,a,fe’ 



— T~ 

^a,b,j-^r,i,ji 




/+ r/+ - 

a,b,j \ r,i^b 


~ + li,b,0 ~ 

^i,b,j^ ^r,a,b'> 

/- f/+ _ 

i,bj V r,aj 

^r,a,b) 3” ^^a,b,j ^a,b,j 

- 

+ la,j,0 ' 

^a,b,0^ 


(ii) \{i,j, a,b}\ =3 (can assume a < i) 


(A) a = i (can assume b < j): 

, = 1 
r,t,j r,i,b 

(B)a = j: 

r,j,b 

(C) b = i is impossible. 

(D) b = j: 

I^. . = 

r, 2 j r,aj 

(Hi) |{i, j,a,6}| = 2: 

. = I 

r,^0 r,i,j 

= 0 7 ^ 6 (the case j ^ = b is symmetric) 

(i) \{i,a,b}\ = 3 

(A) i < b < a: 


II+ — 

r,i,0 r,a,b 

T 

b,i,0 r,a,bi 

^r,i,0^r,a,b 

^b,i,0^r,a,b' 

(B) b < i < a or b < a < i: 


r r+ _ 

-^r,t,0-^r,a,b 

1 

o 

o- 

^r,i,oIr,a,b ~ 

h,bfllr,a,b- 


(ii) \{i,a,b}\ = 2 

(A) a = i: Ir,i,oI^i^b = 0- 

(B) b = i: = 


(c) j = 0 = b (can assume a <i): Ir,i,oIr,a,o = 0. 

(2) a = r < s 
(a) j 

(i) = 3 
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(A) j < i < b: 

1+ T+ = T+ (T+ — T+ \ 

r,i,j s,r^b b,ij\ s,r^b s,r,i/'i 

s,r^b ^b,ij^s,r^b ^r,ij^s,bj'' 

T~ =/'+/'“ -k /'+ /'+ 

s,r^b b,ij s,r^b ' s^b^i^ 

T~ = T~ (T^ - T~^ ) 

r,i,j s,r,b b,ij\ s,r^b s,r,j/' 

(B) j < b < i: 

^r,i,j^s,r,b ^i,b,j ^i,b,o')(,^s,r,i ^s,r,b')'> 

^r,i,j^s,r,b s,b,j ^i,b,j^s,r,b'> 

^r,i,j^s,r,b ^s,b,j ( ^i,b,j ^i,b,j ^s,r,b'! 

T~ /'+ = T- (T+ -T+ ) 

r,i,j s,r,b i,b,j\s,r,j s,r,b/' 

(C) b<j<i: 

^r,ij^s,r,b i.^ij,b ^ij,b J»o) ('^s,r,fe ^s,r,i)') 

^r,ij^s,r,b ^r,ij^s,j,b ^ij,b^s,r^b'’ 

^r,ij^s,r,b ^r,i,b')^s,j,b ^i,b,0 ^iji^^^s,r,b'> 

T~ iJ^ - T~^ ) 

r,i,j s^r,b ij,b\ s,r,j s,r,b/' 


(ii) \{ij,b}\ = 2 


(A) b = i: 

J±. ./± . = 0. 

(B)b = j: 

■ = 0. 
r,z,j s,r,j 

(b) j = 0^b 

(t) |K6}| = 2 


(A) i < b: 

T . T+ _ T ■ 

^f')ifi^s,r,b s,r,6’ 

s,r,b s,r,b' 

(B) b < i: 

^r,i,oIs,r,b ~ s,r,bi 

^r,i,0^gj-f) Ii,b,oIgfb' 

(%%) |{i,6}| = 1.- 

^r,i,oIs^r,i ~ O’ 

(c) j ^ 0 = b: 

T+ T — T+ T 

-'r,ij-'s,r,0 ^r,i,j^s,j,0 
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(d) J = 0 = b: 


d-r,ifld-s,rfl 0 - 


(3) a = i < r < s 
(a) j T^Oy^b 

(^) I{J,&}I=2 

(A) J < b: 


T+ J+ 

r,i,j s,i,b 

- ~ h,j,o + - 1 

i,by0 




J- 

r,i,j s,i,b 

— 

\ r,ij r,i,b/ 


T~ 

r,i,j s,i,b 

— /'“('/'+ —/'+') 
r,b,j\s,i,b 


(B)b<j: 



1+ T+ 

r,i,j s,i,b 

= (~Kj,b + Kj,b + h,bfl - 

Ii,b,0 + ^iJ,o)^s,r,V 

s,i,b 

s,j,b ^r,j,b^s,i,bi 


T+ J- 

s,i,b 

\ r,i,j r^i^bJ sj,b'> 


T~ 

r,i,j^ s,i,b 

— /+ i 

r,j,b\ s,i,b 


= 1.' 

J±. .J±. . = 0. 

r, 2 ,J 



(b) j = 0 ^ b: 


(c) J ^ 0 = b: 




^r,bfils,i,bi 

^r,b,od^s,i,b' 


(d) j = 0 = b: 

(4) ^<i<'t<s<i<r<k: 


(5) {^<j<i<t<s<r<k: 


T+ T ■ —T^T- 

s,i,0 

s,i,0 

d-r,i,od-s,i,0 0 . 






r f+ 

s,t,i r,i,j 

— T~ 

1+ J- 

s,i,j r,t,i 

— — /+ 

t,t,j r,s,i 


Remark 7.10. Relations [Hand [5] in the previous lemma are not a consequence of the multiplicative 
relations among the elements in V, but rather a consequence of the fact that, in some cases, there 
are different alternatives for associating four DA to form a product of two J’s. 
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The relations in Lemma 17.91 imply that every prodnct 

(57) Iruhji ■ ■ ■ wltli \ji\ < ii < Ti < k and 1 < p for / = 1,..., m 

can be written as a linear combination of prodncts of the form fl57|l satisfying in addition 

(58) ri < ri' if I < 

(59) the sets with 1 < / < m, are pairwise disjoint, 

(60) if ja = jb < 0 , say with < n, then in fact < ib, 

(61) if ja > 0 and 4 = —jb, then in fact 

Theorem 7.11. Suppose R is a commutative ring with unit where 2 is invertible. For n > 2 even, 
the {jL 2 Y-invariants in K* C i 7 *(Confz 2 (IR" — {0}, fc — l);i7) are multiplicatively generated by the 
set S. In fact, an additive basis for the invariants is given by all products of the form satisfying 

Proof. Snppose m odd and let x G KF be an invariant. By Remark 17.81 we have that x = eix = 
—62 • • • CkX = —X, so a; = 0. 

Snppose now m is even and, as above, let x G IK* be an invariant. Write 

^ ~ 'y ' ' y 

where each aj is non-zero and the snmmation rnns over all mnlti-indices / = ((R, Ji), • • •, iim,jm)) 
snch that \ji\ < ii for I = 1,... ,m and ii < iu if I < I'. Recall that an e; sends each monomial 
D, ,■■ ■ D, , to a mnltiple of itself, therefore, since 2 is invertible, each D, ,■ ■ ■ ■ D, ,■ is invari- 
ant. Fix J, and consider the corresponding monomial z = ji''' ^im jm- Note that the action of 
61 on z implies that an even nnmber of factors in z are of the form Di Q. Farther, snch factors can 
be matched in pairs to yield a product of the form 

(62) liiji, 0 ^ 1202,0 ■ ■ ■ where ji < h < j 2 < h < ■ ■ ■ ■ 

Likewise, for each I between 2 and k, we have two possibilities: 

(1) There is no factor * in ^ (e.g. if / = 2). In this case, there is an even number of factors 

of the form because otherwise we would have z = ciz = —z. 

(2) There is (exactly) one factor ^ in 2 ;. In this case, there is an odd number of factors of 
the form 

The hrst case allows us to associate products of the form and the second allows us to 

associate a product of the form DFD~^ and products of the form Df -Dfj. Further, just as with fl 6 ^ . 
the new matchings can be done so to yield, together with ([62]), a unique expression of Hq ■ ■ ■ Dimjm 
as a product of the form fl57|) satisfying in addition (l58|) - fl^ . 

The above analysis shows that the (Z 2 )^-invariants in K* are generated by the products of the 
form fl57|) satisfying in addition fl58|) - fl6T|) . In fact, this is a basis, since such generators are a subset 
of the additive basis of K* given by the products fl5^ satisfying fl5T|) . □ 

We arrive at the complete description of the invariants for the case n even. 
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Theorem 7.12. Let R he a commutative ring with unit where 2 is invertible. For n even, there is 
an R-algebra isomorphism 

H*{Coni{RP^,k)-R) = H*{Coniz,{S^,ky,R)^^^^' = A{u) ® R[S]/J, 
where J is the ideal generated by the relations in Lemma \77^ 

Proof. Since we are assuming that 2 is a unit in R, the isomorphism of Theorem 15.31 reduces to 

H*{Confz,{S^,k)-R)=A{u)^R[B]/J. 

Recall from Corollary 16.51 that u is hxed by the action of {'^ 2 )^. The result follows from Theorem 
17.111 which implies that the subring of Z 2 -invariants in the tensor factor R[B\/.J has the presentation 
R[8]/J. □ 


8. Punctured real projective spaces 


In this section we keep the assumption that n is an integer greater than or equal to 2, and that R 
is a commutative ring with unit where 2 is invertible (the latter hypothesis is needed for the same 
reasons as in Section [7]) . 

In terms of the homeomorphism at the end of Remark 14.31 the (Z 2 )^-fold covering projection p'^ ^ 
in ([5]) takes the form Confz 2 (lR” — {0}, k) —> Conf (MP” — a, k) which, given that 2 is invertible in 
R, induces an isomorphism 

(63) if*(Conf(MP"-A,A:);R) ^ H*{Conf zM"" - W, k)] 

We can reuse the notation of the previous section by noticing that the action in corresponds 
to that of the subgroup (^ 2 )^ = ( 62 ,..., 6 ^+ 1 ) < (Z 2 )^'''^. This means that, when computing 
invariants, we just have to ignore the action of Ci. Lemma [6.91 and Theorem 17.41 then yield: 


Theorem 8.1. Let R be a commutative ring with unit where 2 is invertible. For n > 2 odd, there 
is an isomorphism 

l/*(Conf (MP^ - A, fc); R) = H*{Confz,{W" “ {0}, ^); = i?[C+]//C. 

of R-algebras. 


Note that the role of the parameter k in Theorem 4.5 changes here to fc + 1. For instance, the 
generators CA of are now dehned for 0 < j < i < A:. 

Our next goal is to compute the invariant elements in fl63l) when n is even fTheorem 18.3|) . It 
is natural to expect more invariants than those found in Theorem 17.111 For one, as noted above, 
the currently acting group is smaller. Besides, we have to consider invariants in the whole of 
R*(Confz 2 (IR” — {0}, fc); R) and not just in the permanent cycles K*. 

We start by noticing that the considerations following Remark 15.21 and Lemma 17.71 show that 
R*(Confz 2 (IR” — { 0 },/c);R) is multiplicatively generated by Ai^ and the elements Dij with |jj < 
i < k subject only to the relations in Lemma 17.71 together with A‘Iq = 0. Further, an additive basis 
is given by all products of the form (l53|) and products of the form 


(64) 

satisfying fl541) . In fact, all the elements in the set 

= Ur,i,j \ 0<j<i<r<k}U \ 0 < j <i <r < k}U {A,o | 1 < f < A:} U {^ 1 , 0 } 
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are clearly (Z 2 )^-invariant. Before showing these generate all other invariants, we describe their 
multiplicative relations. First of all, while all relations in Lemma 17.91 are clearly inherited (with 
upper bound k + 1 instead of k for indices r, i,j), the relations involving terms of the form Jjj o are 
evidently not in the most primitive form. Instead, we have the following easy-to-check relations: 


Lemma 8.2. Let R be a eommutative ring with unit where 2 is invertible, and suppose n >2 even. 
Then 











for 0<j<i<r<k. 

Therefore, any product of the form 

(65) 
or 

( 66 ) 


^^ 1,0 ■ ■ ■ Ds^,fllruiujl ■ ■ ■ with 0 < | J) | < ^ < F/ < /c for / = 1, . . . , 771 

and 1 < Si < k for I = 1,... ,m' 


^1,0-Dsj,0 ■ ■ ■ 


with 0 < |j)| < i; < r; < fc for / = 1, 
and 1 < s; < A: for / = 1,..., 77i' 

can be written as a linear combination of products of the form fl65|l or fl66l) satisfying 

(67) Si < Sii if I < I', 

(68) Si ^ {ri,..., U {ii,..., for / = 1,..., m', 
as well as conditions fl58l) - fl6Tl) . 


, m 


Theorem 8.3. Let R be a commutative ring with unit where 2 is invertible. For n > 2 even, 
the { 1 , 2 )^-invariants in i7*(Confz2(IF” — {0},A;);i?) are multiplicatively generated by the set S'. 
Moreover, an additive basis is given by products of the form l[6R) together with products of the form 
all of which satisfy |h7| ), / ESI) , and /f5^)-/E7]). 

Proof. The proof is almost the same as the proof of Theorem 17.111 except for two differences: 

(1) We ignore the action of Ci. This, however, only removes the condition of having an even 
number of terms Di o, and now we can just associate all terms Di Q. 

(2) We add Ai^ as a potential factor to all monomials. This does not affect our previous proof, 

because Ai^ is already an invariant. □ 

We thus get: 


Theorem 8.4. Let R be a commutative ring with unit where 2 is invertible. For n>2 even, there 
is an R-algebra isomorphism 

7/*(Conf(MP" - A, k)]R)^ H*{ConfzM'" - {0}, k)] ^ R[S']/J', 

where J' is the ideal generated by the relations in Lemma |y.g| not involving a term together 
with the relations of Lemma \8.2 and the relation A‘Iq = 0. 
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9. Lusternik-Schnirelmann category and topological complexity 

The results in the previous sections are now used to study the category and all the higher 
topological complexities of the auxiliary orbit conhguration spaces Confz 2 (lR’^ — {0}, k). 

Unless explicitly noted otherwise, the hypothesis n > 2 will be in force throughout this section. 
Yet, since at the end of the section we include some observations relevant to the more general case 
n > 2, we will keep a careful track of the usage of the hypothesis n > 2. Further, in what follows, 
any reference to cohomology in the form H*{X) will implicitly use integer coefficients. 

We need the following estimates (given in [T51 Proposition 1.5 and Theorem 1.50] for the Lusternik- 
Schnirelmann category, and in [31 Theorem 3.9] for the higher topological complexities): 

Proposition 9.1. Let X be a {c — l)-connected space (c > 1) having the homotopy type of a cell 
complex of dimension d. Choose a G X and let 6i: -k ^ X denote the inclusion map. For s > 2 
let Sg-. X ^ X® stand for the iterated diagonal. Finally, let M he a module over a commutative 
unitary ring R. For s > 1 assume there are cohomology classes Ci, ... ,q G H*{X^]M) such that 
d*{ci) = 0 for all i, and such that 0 7 ^ ci • • - q G H*{X‘^-, . Then I < TCs(X) < 

There is a version of the previous result where the cohomology groups are allowed to have twisted 
coefficients. But for our purposes it suffices to work with cohomology groups with trivial coefficients. 
Note that the condition (q) = 0 in Proposition 19. ll holds precisely when q is a positive dimensional 
class (since X is assumed to be a 0-connected space). On the other hand, for s > 2, an element q 
as in Proposition 19.11 is called an s-th zero-divisor. The largest integer i for which there are s-th 
zero-divisors Ci,..., q as in Proposition 19.11 ffor all possible i?-modules M and rings i?) is called the 
s-th zero-divisor cup-length of X, and is denoted by zcls(X). If we want to refer to the maximal 
such I when the coefficients M are restricted to be some hxed ring R, then we will use the notation 
zclf(X). 

We study these concepts when X is the orbit conhguration space Conf 22 (M"' — {0},/c). The 
homotopy exact sequences associated to the hbrations in flTT]) inductively yield that Confz 2 (IP" — 
{0}, k) is (n —2)-connected. Further, from ([HD, the integral cohomology of this space is torsion-free, 
and vanishes above dimension k{n — 1). By [28l Section 4.C], Confz 2 (IP"' — {0}, k) is an {n — 2)- 
connected space (thus simply connected, in view of our general hypothesis n > 2) having the 
homotopy type of a cell complex of dimension at most k{n — l). (For the purposes of Corollaries 19.21 
and 19.31 below, this is the only place where we use the hypothesis n > 2.) Proposition 19.11 then 
yields 

(69) zcU(Conf 22 (®'' - {0},k)) < TC,(Confz 2 (M’* - {0}, A:)) < sk 

for s > 1. Both estimates in fl6^ are in fact sharp for s = 1, as the product Aifl---Akp G 
//*(Confz 2 (M’^ — {0}, k)) is non-zero. We thus get: 

Corollary 9.2. For n > 2, cat(Confz 2 (IP” — {0},/c)) = k. 

In order to approach the s-th zero-divisor cup-length of Conf 22 (IP"' — {0}, k) for s > 2 we start 
by noticing that the rule AC ha l<j<i<A;-|-l, determines a ring monomorphism 

/f*(Conf (M’^, fc + 1)) -A - {0}, k)). 
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Since these rings are torsion-free, we also get ring monomorphisms 

H*{Coni{W^, k + 1))®" -A H*{Coniz,{W" - {0}, k))^" 

for any s >2. Consequently, zcls(Confz 2 (IR” —{0}, k)) is bounded from below by zclJ(Conf (M”, k + 
1)), the latter of which, as shown in |27l Proposition 4.2], is given hj sk — l + 6n where Sn = Odd(n), 
i.e. = 0 if n is even, otherwise <5^ = 1. Consequently, specializes to: 

Corollary 9.3. Let n > 2. Then TCs (Confz 2 (K”'— {0},/c)) = sk if n is odd, whereas, if n is even, 
TC,(Confz 2 (M" - {0},fc)) e {sk-l,sk}. 

At the end of this section we describe our (inconclusive) efforts to resolve the gap in Corollary 19.31 
by one unit for the value of TC^ (Conf {ML — {0}, k)) when n is even. Here we prove that the lower 
bound in fl6^ is always sharp: 

Theorem 9.4. Let n > 2. Then TCs(Confz 2 (IP" — {0}, k)) = zcls(Confz 2 (IR" — {0}, k)). 

The method of proof of Corollary 19.31 yields Theorem 19.41 when n is odd. We prove Theorem 19.41 
for n even using the main idea in the proof of [271 Theorem 4.1]. We give full details below for the 
sake of completeness. 

For a hbration p ■. E ^ B with hber F, let p{i) : E{i) ^ B he the {i + l)-th hberwise join 
power of p. This is a hbration with hber the {i + l)-iterated join of F with itself. It is 

well known that, for B paracompact, a necessary and sufficient condition for having secat(p) < £ is 
that p{t) admits a global (continuous) section. Thus, the following result—a direct generalization 
of [Ml Theorem 1]—gives a useful cohomological identihcation of the hrst obstruction for multi- 
sectioning p. 

Lemma 9.5. Let p ■. E ^ B be a fibration with fiber F whose base B is a CW complex. Assume p 
admits a section (f over the k-skeleton B^^'> of B for some k >1. If F is k-simple and the obstruction 
cocycle to the extension of cf to lies in the cohomology class p G {7ik{F)}), then p{i) 

admits a section over whose obstruction cocycle to extending to belongs to 

the cohomology class 

Here denotes the image of the {£ + l)-fold cup power of p under the 'Ki{B)- homomorphism of 
coefficients 7rfc(F)®*^^+^^ Tiki+k+e{F*^^~^^'^) given by the iterated join of homotopy classes. 

Lemma 19.51 requires, of course, the use of cohomology with possibly twisted coefficients. In our 
application, both B and F will be simply connected (as a consequence of the second use of our 
general hypothesis n > 2), so cohomology will always have simple coefficients, and the simplicity of 
F will come for free. 


Proof of Theorem 9.4 We prepare the grounds with two simplihcation hypotheses. First of all, as 
we have already noted, it remains to consider the case when n is even and n > 4. Further, the 
discussion leading to Corollary 19.31 yields sk — 1 < zcls(Confz 2 (IF" — {0}, k)) < TCs((Confz 2 (K"' — 
{0}, k)) < sk, so we can safely assume 


(70) 


zcls(Conf 22 (M”' — {0}, k)) = sk — 1. 
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In these terms, for an {n — 2)-connected cell complex X of dimension at most k{n — 1) having 
the homotopy type of Conf 22 (M”' — { 0 }, k) —whose existence is discussed in the paragraph contain¬ 
ing (l69|) i— , it suffice^ to show that TCs(X) < sk — 1 or, equivalently, that p{sk — l) admits a global 
(continuous) section. Here p stands for the hbration e^: P{X) —)■ X® described at the beginning of 
this section. 

The hber of p, is {n — 3)-connected so that, by standard obstruction theory: 

( 1 ) there are sections 0 of p on the {n — 2 )-skeleton of X^, 

( 2 ) the fundamental class of p (also called the primary class of p), denoted by 

r/pei^"-l(X^7^„_2((HX)^-l)), 

is the obstruction class for (altering rel. the (n — 3)-skeleton and then) extending any such 
partial section cj) to the {n — l)-skeleton of X®, and 

(3) p*{pp) = 0 so that, in our context, rjp is an s-th zero-divisor. 

By Lemma [n3] (with k = n —2 and ^ = sk — 1), we get a section of p{sk — l) on the ((n — l)sfc —1)- 
skeleton of X'^ whose obstruction to extending to the ((n — l)s/c)-skeleton is trivial in view of (I7D]) . 
The result follows since such an extended section is already dehned on all of X^, as dim(X) < 
k{n-l). □ 

We close the paper with a series of ideas (inspired by the work in [20] as generalized in [27] ) 
leading to a plausible argument to prove that TCs(Confz 2 (IR" — { 0 }, k)) = sk — 1 for s > 2 and 
for any even n —including the case n = 2. First of all, the results in Section 0] imply that, for any 
module M, 

H*{Conlz,{R^ - {0}, k)^; M) = " {0}, k)-R)®^ ®r M. 

Since the rings H*{Coniz^{W^ — {0}, k); R) and iL*(Confz 2 (M"+^ — {0}, k); R) differ only by degree 
scaling, it follows that, for hxed s and k, zcls(Confz 2 (M" — { 0 }, k)) depends only on the parity of 
n. In particular, in settling the gap by one in Corollary 19.31 for TCs(Confz 2 (lF" — {0}, k)) when n 
is even (and n > 4), it is enough to consider a single value of n. Of course, the case n = 4 is the 
most reasonable instance to explore. However, the situation for n = 2 not only would seem to be 
more accessible, but can potentially be more fruitful: 

Theorem 9.6. Assume that Confz 2 (ffi^ — {0},/c) has the homotopy type of a product x X for 
some cell complex X of dimension k — 1. Then TCs(Confz 2 (®"' — {0}, k)) = sk — 1 for any s >2 
and any positive even integer n. 

Proof. The subadditivity property of TC^ and Proposition 19. II yield (in that order) the two inequal¬ 
ities in 

(71) TC,(Confz 2 (K^-{ 0 },A;)) < TC,(5^)+ TC,(X) = s-l + TC,(X) < s-l + s(A:-l) = sk-1. 

Another application of Proposition 19.11 then yields zcls(Confz 2 (lR^ — {0},/c)) < sk — 1 which, in 
view of the considerations just before Theorem 19.61 generalizes to 

(72) zcls(Conf 22 (®”^ ~ { 0)5 ^)) < sk — 1, for any positive even integer n. 

®It is well known that the value of TtCs{Z) depends only on the homotopy type of the space Z. 
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The inequality in (1721) is now forced to be an equality giving the value of TCs(Confz 2 (R"' —{0}, k))\ 
in view of Corollary 19.31 and Theorem 19.41 if n > 4, and in view of fl7T]l and, again, the considerations 
just before Theorem 19.61 if n = 2. □ 

Remark 9.7. We give evidence supporting the conjecture that the hypothesis in Theorem 19.61 
holds without restriction. For one, while Conf (M^, k) is known to have the homotopy type of a cell 
complex of dimension fc — 1, the analogue of Theorem 19.61 described in [20] and [27| makes use of the 
well known and more explicit homotopy splitting Conf (M^, /c) ~ y x with Y a CW complex of 
dimension k — 2 . But perhaps more interesting is to note that, while the hypothesis in Theorem 19.61 
is obviously true for /c = 1, it also holds for k = 2. A direct (but ad-hoc) argument is given in the 
hnal chapter of the Ph.D. thesis of the second named author. 
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